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PKEFACE TO THE FIRST EDITION. 

The work now in part published is the result of an attempt 
to reduce the chaos of ' Geometrical Conies to order. The 
subject haying suffered not a little from desultory treatment, 
I have endeavoured to reconstruct it on a uniform plan, 
taking as a standard whereby to regulate the sequence of 
proofs the principle that Chard-^aperties should take pre- 
cedence of Tangent-propertieSy the latter being deduced from 
the former rather than the former from the latter. 

This principle commends itself from more than one point 
of view. In proofs of chord-properties it is superfluous to 
anticipate the comparatively complex notion of a tangent; 
while on the other hand the idea of a limit is the more 
clearly apprehended when approached in its natural order, 
and the properties of tangents are proved most convincingly 
when their intrinsic relation to the properties of chords 
is shewn. But, above all, this order refers the student 
consistently to first principles, thus rendering Geometry 
at once more thorough as a means of intellectual training, 
and more effective as an introduction to the powerful modem 
methods of Analysis. 

Simplicity is of course essential in an elementary work ; 
but I have attempted at the same time to secure comprehen-- 
siveness by assigning their due importance to properties by 
which the Conic is characterized in the Higher Geometry of 
Curves — such as the quadratic relation between its coordi- 
nates and the rectilinearity of its diameters. As regards the 
practical working of this arrangement, it is scarcely too much 
to say that in the Parabola the student who has thoroughly 
grasped Prop. ii. has little more to learn. In the Rectan- 
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VI PREFACE. 

gular Hyperbola the corresponding theorem leads by easy 
stages to the solution of all difficulties ; while in the Ellipse 
and the general Hyperbola a single construction* suffices 
for the demonstration of all the leading properties of con- 
jugate diameters. 

Orthogonal Projection, already introduced under a new 
namef, will be further discussed in the sequel. The Eight 
Cone will be treated somewhat less inadequately than hereto- 
fore; but, despite the skilful advocacy of Mr Stuart Jackson, 
I am unable to acquiesce in the primary definition of Conies 
from the solid. No allusion has yet been made to the Con- 
jugate Hyperbola, which may be viewed as a contrivance for 
giving a false definiteness to the student^s conceptions, and 
perpetuating his illusion that the Hyperbola is a discontinuous 
curve. 

For the proof || of the chord-property that PIP varies as 
AN. NA my best thanks are due to Mr W* Allen Whitworth. 
The same proof was discovered independently by Mr Besant. 
In respect of the general tangent-property of Art. 108, 1 have 
pleasure in repeating my acknowledgments to Professor Adams. 
Mr Drew kindly places at my disposal his well-known proof 
that the tangent makes equal angles with the focal radii to its 
point of contact. In the Beetangular Hyperbola I have 
endeavoured to do justice to the investigations of Mr Wol- 
stenholme, who has thrown much light upon that remarkable 
curve. I have profited by the advice and assistance of Mr 
Rawdon Levett of King Edward's School Birmingham, 
Secretary of the Association for the Improvement of Geo- 
metrical Teaching. It is needless to add that I am a debtor 
to Dr Salmon's inexhaustible works. 

AprU, 1872. 

* The triangles pCNj dCR in Arts. 72, 212 differ only in relative position, 
t See page 88. || Arts. 53, 202. 
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ThC proofs in this work are so far independent that various 
propositions maj be conreniently omitted in the first reading. 

The order of the Chapters may also be varied. The 
Kectangular Hyperbola may with advantage be studied very 
early. Of all Conies it is that which as regards certain of its 
properties is most nearly identical with the circle ; and the 
conception of its form is simplified by the use of the asymp- 
totes as guiding lines. 

The figures for the general Hyperbola are so arranged 
that they may ht coitipared with the figures for the Ellipse. 
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THE GEOMETRY OF CONICS. 



INTEODUCTION. 

The name Conic is applied to a family of curves to which 
the circle belongs. It includes three varieties, the Ellipse, 
the Parabola^ and the Hyperbola. 

The Ellipse 

is the simplest in form. Its relation to the circle is shewn 
by the following construction, which will be found to lead 
to important results. From points in a circle let fall per- 
pendiculars pN, dBy... to a nxed diameter AA\ If these 
perpendiculars be cut in a constant ratio the points of section 
will lie on an ellipse^ [73. 

By making the constant ratio of PK to pN very small 
we may flatten the ellipse indefinitely. And by making the 
ratio approximate to a ratio of equality we may make the 
ellipse as nearly circular as we please. 

.A coastrucL xnuch simpler in practice results from 
using two circles, thus : Let AA\ BB be diameters at right 
angles of two concentric circles* If from the points in which 
a common radius cuts the circles parallels be drawn to 
JSB', AA respectively, their intersection will describe an 
ellipse. [Ex. 130. 

The following construction shews the relation of the 
ellipse to two points called the foci *« Let a loop of string, 

* The planets describe approximately ellipses having the snn in one 
foeoB. For this reason the first letter of &ol is used, as by Kewton, to 
denote a focus. 
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supposed inelastic, be passed over two pins at points 8, ff 
(fig. p. 47), and let it be stretched into the form of a triangle, 
always in the same plane, by the point of a pencil or sharp 
instrument at P. Then as P moves in such a Way as to 
keep the string stretched it describes an ellipse. It is evident 
that i£ 8f 8' he made to coincide the ellipse becomes circular, 
and if the distance 88* be made as great as possible, i. e. equal 
to half the length of the loop, the ellipse oecomes flattened 
indefinitely. Example 98 gives another construction for the 
ellipse. 

The Parabola 

is the curve which would be described by a particle moving 
in a vacuum under the influence of gravity. A practical 
construction is given in Example 11. 

The Hyperbola 

is most simply drawn by the analogous construction of 
Example 213. 

The Cone. 

The three curves considered above were originally treated 
as plane sections of a Cone. Hence their old name Conic 
Sections, The cone and its sections may be shewn by means 
of a wooden model. An ellipse may also be cut from a 
cylinder or roller of circular transverse section. If the roller 
be cut obliquely, the section, supposed plane, will always be 
an ellipse. We may shew the sections optically by casting 
the shadow of a sphere or of a circular disc from a point of 
light upon a plane surface*. If the point of light be vertically 
under a point in the rim of the disc, the shadow thrown upon 
a vertical wall will be parabolic. 

These constructions and illustrations will suffice to give a 
practical acquaintance at the outset with the forms of Conies. 
We shall not, however,, in our fundamental definition make 
use of any of the constructions already given. 

* They may also be shewn very roughly by means' of a light held at the 
small end of a conical lamp-shade. 
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Lemmas. 
A, To 'prove geometrically that 

If four rectangles of sides a, J be fitted symmetrically 
about the square on a --J, the whole figure thus made up will 
be the square on a + J. 



' 



Therefore (a + J)* = (a -- Vf + 4a&, 

or (a + 5)'-(a-6)' = 4a6. 

The same is proved in Euc. ii. 8, but by an unsym- 
metrical construction which shews only a gnomon of equal 
area instead of the four rectangles. 

B. From the ends of a straight line QQ[ and from its 
middle point v (fig. p. 6) let parallels QM, QM\vO be drawn 
to meet any other straight line. Draw parallels from Q^ Q 
to ATM, and let them meet vO in Z\ Z. 

Then in the triangles QvZ, Q'vZ\ 

vZ= vZ\ 

or QM-0v=0v-Q'M'. 

Therefore QM+ Q'M' = 2 Ov. 

If the figure be drawn as on p. 66, where bisects Qq, it 
may be shewn in like manner that 

QM" qm = 20L. 
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If the parallels drawn as above be called the ordinates of 
the points trom which they are drawn, we may enunciate the 
Lemma as follows : 

The ordinate of the centre of a straight line is equal to 
half the sum or difference of the ordinates of its ends. 

As a particular case of the above, if ^ be a point in the 
straight line itself, then 

8Q±BQf = 28v. 

For. SQ^ Sv^iQQ'^ Sv+SQ"; [Fig. p. 6. 

and similarly when /Stents QQ' externally. 

C. In the figure of Art. 78, let PN be drawn perpen- 
dicular to S8\ Then by Euc. lu 12, 13, 

Sr = G8'+ CP"+ 2C8 . ON, 

and 8'!^ = C8'' + 01^^208'. CN. 

"By addition, if G bisects 88\ 

r + 8'P'^2CF'+2G8'. 

D. In Art 96, let a parallel from to R8 meet 8P 
in M. 

Then 8M : OB^SP: PR. 

And because the bisector of the angle P8Q is perpen- 
dicular to OM^ and is nearer to 80 than to 8M\ therefore 
50 is less than 8M» 

Therefore 80 : OB < 8P : PR. 



Definition. 

The term Equivalent will be used in this work to denote 
equal and similar or equal in all respects. 
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CHORD-PEOPERTIES OF THE PARABOLA. 



Def. a parabola is the curve described in a pkne by 
a point which moves in such a waj that its distance from a 
certain fixed point, called the Focus, is always equal to its 
perpendicular distance from a certain fixed straight line, called 
the Directrix. 

1. With any straight line MX as directrix^ and any 
point S exterior to it as focus, a parabola may he described. 




From any point M on the directrix draw a straight line 
at right angles to the directrix. On the straight line so 
drawn one point P belonging to the parabola can be found ; 
for if the angle MSP be made equal to the known angle 
jJfcfiSXi or SMPy then SP=PM, or P is a point on the curve. 
In this way any number of points P, P' belonging to the 
parabola may be found ; and tney all lie on the same side of 
the directrix with the focus. 

The straight line through the focus at right angles to the 
directrix is called the Axis. The point in which the axis 
meets the parabola is called the Vertex. Let the axis meet 
the directrix in X. The vertex A is the centre of the straight 
line /fix, since from the definition the distance of A from S 
must be equal to its perpendicular distance AX &om the 
directrix. 

T. 1 



2 CHORD-PROPERTIES OF THE PARABOLA. 

2. From the construction already given it appears that 
on every straight line PM perpendicular to the directrix, or 
parallel to the axis, one point and one only belonging to the 
curve can be found. In other words, if a straight line parallel 
to the axis cuts the parabola in a point P it cannot cut it 
again. Hence the parabola is an open curve ; and it spreads 
out to infinity on both sides of the axis, since the point My 
and therefore also P, may be taken as far as we please from 
the axis and on either side of it. The curve recedes at once 
from the directrix and the axis, since the angle PSX, or 
%M8X, increases with MX. 

Def. The perpendicular PN let fall upon the axis from 
any point P is said to be the Principal Ordinate, or briefly the 
Ordinate of P; and AN is said to be the Principal Abscissa^ 
or briefly the Abscissa of P. 




Since NX= PM= the perpendicular distance of P from 
the directrix, therefore if P be a point on the parabola, 
8P = NX. It is sometimes convenient to express the defi- 
nition in this form. 

3. Prop. I. If PN, AN be the principal ordinate and 
abscissa of any point P on the parabola, then 

PN« = 4AS.AN. 

From the definition SP^^NX\ 

Hence 

{AN-- ASy + PN' = {AN+ ASy [Euc. i. 47. 

= ^A8. AN^ {AN^ASy. [Introd. 

Therefore FN' ^4.A8. AN. 



CHORD-PROPERTIES OF THE PARABOLA. 3 

• 

Def. a straight line joining any two points on a curve 
IS said to be a Chord, A chord which passes through the 
focus is said to be a Focal Chord. The focal chord perpen- 
dicular to the axis is called the Latus Rectum. 

4. Cor. The square of the focal ordinate or semi-latus 
rectiftn is equal to 4: A 8, AS. Hence the latus rectum is 
equal to AAS. Hence also, the ordinate is a mean propor- 
tional between the abscissa and the latus rectum. 

5. Conversely, if P he such that PN' = 4AS . AN, where 
the length AS is given, or in other words, if PN* vary as 
AN, then will the locus of 1? he a parabola. 

The parabola may be very simply described with the 
help of Prop. I. To find successive points on the curve, we 
may proceed as follows. Measure off an abscissa AN of any 
length, for example, of length ZA8, Then by the propo- 
sition, FN^ = ^AS,SAS, Therefore PN=2^/3AS, Now 
through the point N draw a straight line perpendicular 
to the axi^, and on the line thus drawn take a point P at 

distance 2 ^SAS from the axis. Then P is a point on the 
parabola. Thus by measuring off abscissae of different lengths 
and using Prop. i. to find the lengths of the corresponding 
ordinates, we may determine successively any number of 
points on the parabola. In this construction the ordinates 
may be measured either upwards or downwards from the 
axis. Thus points on the curve are found in pairs as P, P' 
which have a common abscissa and equal ordinates. Hence 
the parabola is said to be symmetrical with respect to its 
axis, as may be seen likewise from Art. 1. 



Examples. 

1. If the ordinates of a parabola be cut in a constant ratio 
the points of section will lie on a pai*abola. 

2. Circles whose radii are in arithmetical progression touch 
a given straight line on the same side at a given point. If to 
each circle a tangent parallel to the given line be drawn, it will 
cut the circle next larger in points lying on a parabola. 

1—2 
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CHOBD-PEOPEBTIES OP THE PARABOLA. 



6. Pbop. II. The locus qf the middle points of any sys- 
tern of parallel chords of a parabola is a straight line parallel 
to the axis. And the bisecting line meets the directrix on the 
straight line through the focus perpendicular to the chords. 




Take QQ', any one of a system of parallel chords. Let 
the focal perpendicular on the chords meet QQ' in T, and the 
directrfx in 0. Let fall perpendiculars QM^ QM' on the 
directrix. Then shall 0M= 0M\ 

For OM* +QM^=^OQ' [Euc. i. 47. 

= 8(^ + S0' + 208.8Y. [Euc. ii. 12. 

And QJiP = 8Q', from the definition. 

By subtraction OJIf *= 80' ^208. 8Y. 

Similarly Oilf '= 80' + 208.8Y. 

Hence 0M= OM', and the straight line through paral- 
lel to the axis bisects QQ ; that is to say, it bisects every 
chord to which 08 is perpendicular. 

7. Otherwise, by Euc. i. 47 : Since the squares of F, ^ F, 
and those of /SF, QFare equal respectively to 0(^^ and to 
8(^, therefore 

0Y'-8Y^^ 0Q'-8Q'= OQ'-QM' [Def. 

And OJIf has the same value. 
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Def. a straight line which bisects a system of parallel 
chords is called a Diameter, 

8. In the parabola, all diameters are parallel to the axis. 
Conversely every straight line parallel to the axis is a diame- 
ter. It is evident that a diameter is determined when the 
centres of any two of its bisected chords are given. The axis 
may be called the Principal Diameter. 

9. It is important that the stadent should familiarize 
himself with Prop. ii. It may be well to state it in converse 
forms thas: 

(1) If QQ' be any chord, and if the perpendicular upon it 
from the focus meet the directrix in 0, then if OJ^ be 
drawn to the centre of the chord it is parallel to the axis ; or 
if it be drawn parallel to the axis it bisects the chord. 

(ii) If the diameter through the centre V of any chord 
meet the directrix in 0, and if OS meet the chord in F, then 
OFF' is a right angle. 

In the particular case of a focal chord bisected in v (fig. 
Prop. III.) ^ OSv = a right angle ; and conversely if 08Q be 
a right angle, the diameter through bisects QQ'. 

Examples. 

3. Using the method and notation of Art. 159, shew that 
for the parabola 

OL.QK=SX.qK. 

Apply this result to prove Prop. ii. 

4. If from the point in which a diameter meets the 
directrix OZ be drawn parallel to the bisected chords and meeting 
the axis in Z, then 

OX^^SX.XZ. 

5. The circle on a chord of a parabola as diameter does not 
meet the directrix unless the chord passes through the focus. 

6. Shew that z $(>e' = JfFif'. [6. 

7. The perpendicular to a chord of a parabola from its 
middle point V meets the axis at a distance equal to SX from the 
foot of the ordinate of T. 



CHORD-PROPERTIES OF THE PARABOLA. 

10. Prop* III. To find the length of any focal chord. 




Take the point on the directrix such that /. 08Q = a 
right angle. Let a straight line through parallel to the axis 
meet the curve in P and the chord in v. Then v is the middle 
point of QQ'* [9. 

Let fall perpendiculars QM^ Q'M' upon the directrix. 

Then SQ = QM, and SQ' = QfM\ [Def. 

By addition, Q(^= QM+ Q'M'=20v, since v is the 
centre of QQ". [Introd. 

But because P lies on the curve, 8P = PO, Therefore the 
angles PSO, P08 are equal, and their complements PSv, Pv8 
are equal. Therefore Py = P/S = PO, or Ov = 28P. 

Therefore Qg=^20v = 4:8P. 

11. We shall now give more general definitions of the 
terms Ordinate and Abscissa. 

Let a diameter meet the curve in P, and meet QQ\ any 
one of the chords which it bisects, in F. Then QV is the 
Ordinate and PFis the Abscissa of Q. 

More generally, if Q be any point whatever in the plane of 
the parabola, and QF be measured parallel to the chords 
bisected by PF, then QV, PF are the ordinate and abscissa of 
Q referred to the diameter through P. 

The ordinates of all points on the curve referred to any 
fixed diameter are parallel. [6. 

* Or tlins, without aBsnming Prop. ii. : In the right-angled triangles MQOt 
8Q0, which haye MQ, Q0=5Q, QO, the side OM=OS^OM\ Bimilarly. 
'EenoeQv = Q^v. 
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12. Prop. IV. IfYST he ike abscissa of cmy point Q on 
the parabola, then 

QV^ = 4SP.PV. 




Let SY meet a chord Q(^ perpendicularly in Y, and meet 
the directrix in 0. Draw a parallel to the axis through 
meeting the curve, Q'Q, and the parallel focal chord, in 
P, F, V, Let fall perpendiculars QD, QM on OV and the 
directrix. 

Then OY : 0F= SY : vV, by parallels. 

Hence 0Y'-8Y^ : OV'-vr^=^OY' : 0V\ 

by similar right-angled triangles OYV, QDK 

But 02)»= 0M^= OY^- SY*, as in Art. 7. 
Therefore (J F* = F* - v F^ 

Also Pv=8P= PO, as in Art 10. 

Therefore OV^PV+SP, 

and vF = PF'-/SP. 

Therefore OV'-vV' = 4.8P,PV. [Introd. 

Hence F' = ASP . PY, from above. 

And, Q' F* having the same value, Q F is a semi-chord or 
ordinate. 
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13. Cob. The ordinate QF is a mean proportional be- 
tween the abscissa PF and the parallel focal cnord. [10. 

14. Pbop. V. The rectangles contained hf the segments 
of any two intersecting chords are to one another as the lengths 
of the parallel focal chords. 




Let the diameters through the intersection of any two 
chords QQ\ RR'^ and through F the middle point of QQf^ 
meet the curve in j, P respectively. Let Pv be the abscissa 
of J. 

Then QO.OQ[-= QV^-- OF* [Euc. ii. 5, Cor. 

= (2F»-yv« 

^4.8P.PV-4.8P.Pv. [12. 

But PV-'Po is equal to vFor qO. 
Therefore QO . OQ = 4SP. jO. 

Similarly, if P be the point in which the diameter bisect- 
ing RB! meets the curve, 

iZ0.0ir=4fifP.ya 
Hence QO . OQ ;. RO. 0R^4.SP : 4/SP'. 

15. Cob. The ratio of these rectangles is independent 
of the position ofO*. It is the same for every pair of chords 
parallel to QQ', RE respectively, since for all such chords 
P and P remain unaltered. [6. 

; ThiB point may be either external to the parabola or intemaL 



EXAMPLES. 9 

8. A point witliin a parabola is nearer to the focus than to 
the directrix. 

9. All parabolas are similar curves. Prove this by deducing 
from the bisection of the angle PSX by SM that the parallel focal 
radii of similarly situated parabolas are proportional. [1. 

10. If the focal radii of a parabola be cut in a constant ratio 
the points of section will lie on a parabola. 

11. Prove the following construction. Take any ordinate 
NPy and draw PM parallel and equal to NA. Divide NP into 
any number of equal parts, and through the points of section 
draw parallels jt?,, p^, jt?3,...to the axis. Divide MP into the 
same number of equal parts in points 1, 2, 3,... Then the lines 
PiiP^y p^j.^.Toaeet -41, A2, -43,... respectively on the parabola. 

• 12. Shew that z QO^ = a right angle = MBM\ [10. 

13. The semi-latus rectum is a mean proportional between 
the principal ordinates of the ends of a focal chord. And if AM^ 
AM' be the corresponding abscissae, then AM . AM' = -45*. 

14. The circle on a focal chord touches the directrix. 

15. Shew that 

SO'=SX . Ov = 4: AS . SP. [12. 

16. Also that 

QD' = 4^AS.PV. [12. 

17. Deduce from Ex. 9, that the ratio of the rectangles in 
Art. 15 is the same for all similarly situated parabolas. 

18. A circle can be described touching any two diameters of 
a parabola and the focal radii to their extremities. 

19. The locus of the centre F of a focal chord is another 
parabola. Prove this by shewing that if VL be the ordinate of F, 
then 

Vr = 2AS.AL. [Ex.4. 

20. A chord QQ' is cut in by a diameter which meets 
the curve in P. Shew that if R he a, point on the curve whose 
abscissa is PO, and PV, PV be the abscissae of ©, Q'^ then 

qy^^qy^ . qy^^or^^qy^ ^P . qy^ [12. 

Deduce that OB is a mean proportional between ©F, Q[7\ 
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21. Shew also that FY . FV = FO^. 

22. Shew how to place in a parabola a focal chord of given 
length. 

23. A parabola being given find its axis and focus. 

24. If FQ be a chord which subtends a right angle at A, 
and AN', AM be the principal abscissae of P, Q, then FQ passes 
through a fixed point, and 

AN , AM = FN. FM= l^AS^. 

25. If FQ be a focal chord, AP, AQ meet the latus rectum 
at distances from S equal to the ordinates (?, F. [Ex. 13. 

2^, If the diameter at F meets the latus rectum in L, the 
intersection of AL, XF is on the curve. 

27. A point on a parabola being given, then if the focus be 
given the envelope of the directrix is a circle; or if the directrix 
be given the locus of the focus is a circle. 

28. Given the directrix of a parabola and two points on the 
curve; shew that two positions of the focus can be determined. 

29. Given the focus of a parabola and two points on the 
curve; shew that two positions of the directrix may be found. 

30. If two parabolas have a common focus, their common 
chord passes through the intersection of their directrices and 
bisects the angle between them. 

31. If two parabolas have a common directrix, their common 
chord bisects the straight line joining their foci at right angles. 

32. The straight lines which join the ends of a focal chord 
to the vertex meet the directrix on the diameters through the 
ends of the chord. 

33. Find the locus of the centre of a circle which passes 
through a given point and touches a given straight line. 

34. A point moves in such a way that its perpendicular 
distance from a fixed straight line is less by a constant quantity 
than its distance from a fixed point. Shew that the point de- 
scribes a parabola. 

35. Find the locus of the centre of a circle which touches 
a given circle and a given straight line. 
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36. Circles being described on the segments of a focal chord 
as diameters, the straight line joining their centres subtends 
right angles at the intei*sections of their common tangents. 

37. The perpendicular from Q to a chord AQ meets the axis 
at a distance equal to the latus rectum from the foot of the 
ordinate of Q. 

38. The straight lines joining any point on a parabola to 
the ends of a focal chord intercept on the directrix a length which 
subtends a right angle at the focus. 

39. Parallel chords being cut by any diameter, the rectangles 
contained by their segments are as the abscissas of the points of 
section. 

40. Equal focal chords of a parabola are equally inclined to 
the axis. Hence shew that the common chords of a circle and a 
parabola are equally inclined to the axis. [14. 

41. A circle outs a parabola in three points, whether on the 
same side of the axis or on different sides. Prove that it cuts 
the curve in one other point and one only, and shew how to find 
this point. j 

42. If a circle cuts a parabola in points 1, 2, 3 above the 
axis and in a point 4 below it, the difference of the ordinates of 
1, 3 is to the difference of their abscissae as the sum of the 
ordinates of 2, 4 to the difference of their abscisssB. Deduce that 
the ordinate of 4 is equal to the sum of the ordinates of 1, 2, 3. 

43. If 1, 2 and 3, 4 lie on opposite sides of the axis the sum 
of the ordinates of 1, 2 is equal to the sum of the ordinates of 
3,4. 

44. On a chord through a fixed point there is taken a 
mean proportional OM to the segments of the chord. Shew that 
the locus of if is a diameter. 
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CHAPTER II. 



TANGENT-PROPERTIES OP THE PARABOLA. 

16. If the extremities of a chord be made to approach 
one another continuously the chord tends to assume a certain 
limiting position ; and in this limiting position, viz. when its 
extremities have become coincident, the chord produced in- 
definitely has become a Tangent Thus in fig. p. 14 suppose 
Q to move along the curve up to Q, Then ultimately QQ' 
becomes the tangent at Q. 

There are various ways in which a chord may be made to 
assume a position of tangency. It is often convenient to use 
the following. 

17. In fig. p. 14 Qg is a chord bisected by the diameter 
TV, Suppose this chord to move parallel to itself into a new 
position qq. It is still bisected by TV, say in V'. [6. 

Suppose it now to move continuously in the same way 
until its middle point reaches the end of the diameter TV; 
then each of the portions QV, qV, which have been diminish- 
ing continuously, will have vanished, and the two points in 
which the chord met the curve will have been brought into 
coincidence ; that is to say the chord will have become a 
tangent, viz. at the end P of the diameter which bisects Qq, 
Hence 

The tangent at the extremity of amy diameter is parallel to 
the ordinates of that diameter. 

In particular 

The tangent at the vertex is parallel to the principal ordi' 
nates, or perpendicular to the axis. 
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18. To take another example: — In Art. 14 we have 
shewn that the rectangles contained by the segments of any 
two intersecting chords are to one another as the lengths of 
the parallel focal chords. This holds whether the point of 
intersection be internal or external to the curve. Let it be 
external as T in fig. p. 14 

Then TQ . TQ[ is to Tq . Tq in the ratio of the focal 
chords to which QQ^, qq' are parallel. 

Let QQ: move parallel to itself until it becomes the tan- 
gent at some point Q^. Then TQ. TQ' becomes TQ^\ 

In like manner let qq' become the tangent at some point 
J,. Then Tq. Tq' becomes Tq^\ 

Therefore the squares of any two tangents TQ^, Tq^ are to 
one another in the ratio of the focal chords to which they are 
parallel. 

19. Again (9), if a diameter meet the directrix in 0, then 
every chord QQ bisected by that diameter is perpendicular to 
08. Therefore in the limit the tangent at P (ng. p. 7) the 
extremity of the diameter OV is perpendicular to OS, or, in 
fig. p. 16, to MS. And conversely, if the focal perpendicular 
on the tangent at P meets the directrix in M, then PM is a 
diameter y and is therefore parallel to the axis or perpendicular 
to the directrix. 

20. We might also, after the method of Euclid, regard a 
tangent as a straight line which meets a conic and being pro- 
duced does not cut ity or which, except at the point of contact, 
lies wholly on the convex or outer side of the conic. We shall 
briefly indicate the method to be pursued when the Euclid 
definition is adopted. 

From any point P on the parabola (fig. p. 16) let fall 
perpendiculars PMy PF on the directrix and ;S^ respectively. 
Then will PF be the tangent at P. For since evidently F is 
the centre of SM, therefore if t be any point other than P on 
PY, then 8t=^TM. Therefore St is greater than the per- 
pendicular distance of t from the directrix. Hence it may 
be shewn that every point ^ on PF lies on the convex side 
of the parabola, or JPFis the tangent at P. [51, 



14j tangent-properties of the parabola. 

21. Prop. VI. Tangents at the extremities of any chord 
intersect on the diameter which bisects the chord. 




Let Q, Q and j, j' be adjacent extremities of any two 
parallel chords, and let QQ, q^ meet in jT, then shall. T lie on 
the diameter which bisects the choi-ds. 

For let TF, drawn to the centre of Qj, cut Qq in F'. 
Then by parallels, 

gr : q'r = QV: qV. 

But QV=^qV. Therefore (^V' = q F'. 

Hence TV, since it bisects both Qq and Q'q, is the di- 
ameter which bisects chords parallel to Qq. [8. 

Now as Q'q moves parallel to itself up to Qq, the point of 
intersection T always lies on the diameter through F And 
this being true always, is true in the limit, viz. when Qg, 
qq become the tangents at Q, q. 

Hence the tangents at the ends of the chord Qq meet on 
the diameter which bisects the chord. 

22. Conversely, if the tangents at P, Q meet in iJ, the 
straight line drawn through 22 to bisect the chord of contact 
JPQ is A diameter. 
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23. Prop. VII. If PV he the abscissa of any point Q on 
the parabola, and if the tangent at Q meet the diameter PV in 
T, then 

PV = PT. 




Let the tangent at P, which is parallel to the ordinate QV, 
meet QT in B. Complete the parallelogram QRPO, viz. by 
drawing PO parallel to JRQ. Then the diagonal RO bisects 
the diagonal PQ. That is to say, BO bisects the chord of con- 
tact of the tangents HP, RQ. Therefore 50 is a diameter 
(22), and is parallel to any other diameter, as PV, since all 
diameters are parallel to the axis. 



Hence by parallels, 



PV=RO = PT. 



24. The following particular case is to be noticed. 




If PJV^be the principal ordinate of P, then AK^AT. 
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25. Prop. VIII. The tangent at P liaecta the angle 
between SP and the diameter through P. 




Draw PJf perpendicular to the directrix, and let SM meet 
the tangent at P m F. 

Then in the triangles SYP, M7P, since 

8P,PY==MP,PY, 

each to each, and the angles at Y are right angles, [19. 

therefore / 8PY= MPY. 

26. Cor. If the tangent meet the directrix in B, it 
readily follows that z BSP = BMP = a right angle. But this 
is best proved independently as in Art 105. 

27. Cor. If the tangent meet the axis in T, then by 
parallels and by the proposition, z STP = MPT= 8PT. 

28. Prop. IX. If from any point T on the tangent at 
V perpendiculars TL, PN he let fall on SP and the directrix^ 
then 

SL = TN. 




V'A 



If the tangent meet the directriis in B the angle BSP is 
a right angle. [26. 
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Therefore Ti, R8 are parallel. So too are TN, PM. 

Hence 8L : SP= TR : PR [Euc. vi. 2. 

= TN : PM. 

But SP=PM. 

Therefore SL = TN. 

29. Prop. X. If the tangents at P, Q meet m T, TP, TQ 
subtend equal angles at S. 




On SPy '8Q and the directrix let fall perpendiculars TL, 
TM, TN. 

Now because T ia a point on the tangent at P, therefore 
8L = TN. [28. 

And because T is a point on the tangent at Q, therefore 
8M= TN [28. 

Hence 8Ly 8Mb.tg equal. Therefore in the right-angled 
triangles STL, 8TM the angles at 8 are equal ; that is to 
saj^ TP, TQ subtend equal angles at 8. 

Examples. 

45. The portion of any tangent intercepted by the tangents 
at the ends of a parallel chord is bisected at the point of contact. 

46. Apply this result to determine the length of a focal chord. 

47. Any length measured on a tangent subtends equal angles 
at the focus and at the point in which the diameter through the 
point of contact meets the directrix. 

T. 2 
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30. Prop. XI. The acute angle between any two tan- 
gents is equal to half the angle which their chord of contact 
subtends at the focus. 




Let the tangents at P, Q intersect in T and meet the axis 
in ;?, g. Take any point in p8 produced. 

Then by Euc. i. 32, 

z P80 = 8Pp + 8pP = 28pP. [27. 

Similarly, / Q80 = = 28iQ. 

Hence : 

(i) If P, Q lie on opposite sides of the axis, then by 
addition, 

^ P8Q = 2 {8pP+ 8qQ) = 2 (SpP+pqT) 

= 2PTQ. [Euc. r. 32. 

(ii) If P, Q lie on the same side of the axis*, then by 
subtraction, 

^ P8Q = 2 (8qQ - SpP) = 2pTq. 

Therefore in each case the acute angle between the tan- 
gents is equal to half the angle P8Q. 

31. Pkop. XII. If the tangents at P, Q meet in T, the 
triangles SPT, STQ are similar. 

* Use the figure on p. 17» supplying the letters j>, q, O. 
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If P, Q lie on opposite sides of the vertex, jihen in the 
preceding figure produce TS to t. 

Then z P8t = ^PSQ [29. 

=PTQ. [30. 

Hence bj Euc. l 32, 

^ 8TP+ 8PT= 8TQ + 8TP. 

Therefore ^8PT^8TQ. 

And ^T8P=T8Q. [29. 

Therefore the triangles SPTy STQ are similar. 

32. Prop. XIII. If^Y he the focal perpendicular on the 
tangent at F, then Y lies on the tangent at A, and 

SY» = SA.SP. 




Let 8Y meet the directrix in M. 

Then PM is a diameter (19), and is therefore perpen- 
dicular to the directrix. 

Hence in the right-angled triangles SPY, MPYy 

SP^PM. 

Also PY is common. Therefore 8Y=^ MY. 

Hence A F, since it bisects both 8M and 8X, is parallel 
to MX^ and is therefore the tangent at A. [17. 

And since, from what precedes, the triangles 8PY, MPY 
are similar, therefore^ 

Ji P8Y = PMY== Y8A, bj parallels. 

Hence bj similar right-angled triangles 8PY, 8YAy 

8Y: 8P = SA : 8Y, 
or 8Y'^8A.SP. 

2—2 
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33. CoR. Any two tangents TP, TP' are as 8Y, SY' 
the focal perpendiculars upon them. 

For TP^ : TF^ = 8P : 8P [18. 

= 8Y^ : 8Y'\ 

34. Def. The Normal at any point of a curve is the 
straight line drawn through that point at right angles to the 
tangent. 

The 8ubtangent is the portion of the axis intercepted 
between the tangent and the principal ordinate. 

The 8tcbnormal is the portion of the axis intercepted 
between the normal and the principal ordinate. 

35. Prop.* XIV. The suhtangent is double of the prin- 
cipal abscissa; and the subnormal is equal to half the latus 
rectum. 

(i) Prove as in Prop. vii. that AN=AT. 

Hence the subtangent N'T= 2 AN. 

(ii) Let the normal at P meet the axis in G ; and let the 
diameter through P meet the directrix in M. Then PG, 
being at right angles to the tangent, is parallel to MS, [19. 




Hence the triangles PNO, MX8 are similar ; and, being 
also of equal altitude, they are equal in all respects. 

Therefore the subnormal NG =^ 8X=2A 8. 

36. Or thus: Because TPG is a right angle, therefore 

PN^ = NG.NT 

= NG . 2 AN, from above. 
But PN^==2AS.2AN. [3. 

Therefore the subnormal NG = 2A8. 
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37. It should be noticed that 

8G=^SP=ST. [27. 

38. In the figure on p. 6, since OS is at right angles to 
QQy therefore OQ, OQ' are the tangents at Q, Q[. [26. 

And, since the right-angled triangles OBQ^ OMQ have 
their sides SQj ^5f equal, and QO common, therefore 

^Q08==Q0M 

=^^M08. 

Similarly z Q08^\M'08. 

By addition z QOQf = 2i right angle. 

Hence in the parabola tangents at the ends of a focal chord 
meet at right angles on the directrix; and conversely, the 
directrix is the locus of intersection of tangents at right angles. 

39. It will be seen that some of the definitions in 
Chapters i. ii. are applicable to all conies; as, for example, 
of Axisy VerteXy Ordinatey Lotus Rectum, Diameter, Tangent, 
Normal, 8ubtangent, Subnormal. So too is Art. 21. 

Examples. 

48. Shew how to draw a tangent to a parabola from a point 
on the tangent at the vertex. 

49. If a leaf of a book be folded so that one comer moves 
along an opposite side the direction of the crease touches a 
parabola. 

60. Shew how to draw tangents to a parabola from any given 
external point. 

51. If FQ be the chord of contact of tangents from 0, then 
SO' = SF.SQ. 

62. The tangent at Q meets the tangent at P in i? and the 
diameter through F in T. If FT meets the directrix in M, shew 
that the triangles MFB, RFT are similar, so that FR^ = FM. FT. 

63. Hence shew that, PF being the abscissa of Q, 

Qr' = ^SF.Fr. 

64. Any two tangents TF, TQ make equal angles with TS 
and the diameter through T respectively. 
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55. If from any point 5^ on a fixed tangent a second tangent 
TP be drawn, the angle STP will be constant. 

56. The vertices of any circumscribed triangle are concyclic 
with the focus. 

57. PQR being a circumscribed triangle, the perpendiculars 
from P, Q, R to SP, SQ, JSB cointersect. 

58. If the tangents at P, Q meet in T, and if (7 be the centre 
of the circle TPQ, then GST is a right angle. 

59. The normal at P bisects the angle between SP and the 
diameter through P, 

60. Two parabolas which have a common focus and their 
axes in opposite directions intersect at right angles. 

61. The perpendicular drawn to a normal from the point in 
which it meets the axis envelopes an equal parabola. 

62. Normals at the extremities of a focal chord intersect on 
the diameter which bisects the chord. 

63. If PQ be a focal chord, and R the foot of the perpen- 
dicular upon it from the intersection of the normals at jP, Q, then 
SP^QR, 

64. The portion of any tangent intercepted by the tangents 
at fixed points P, Q subtends a constant angle at S, The angle 
subtended is a right angle when PQ passes through S, 

65. If a circle through S touches the parabola in P, Q, then 
SP is equal to the latus rectum. 

66. The normal at any point is equal to twice the focal per- 
pendicular upon the tangent, and is also a mean proportional 
between the focal distance of that point and the latus rectum. 

67. The squares of the normals at the ends of a focal chord 
are together equal to the square of twice the normal perpendicular 
to the chord. 

68. The locus of the vertex of a parabola which has a given 
focus and touches a given straight line is a circle. 

69. The circle on a focal radius touches the tangent at A, 

70. The tangent and normal at any point are bisected by the 
focal perpendiculars upon them ; and the straight line joining the 
feet of the perpendiculars is parallel to the axis. 
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71. The diameter through one end of a focal chord bisects 
the chord normal at the other. 

72. The locus of the foot of the focal perpendicular on the 
normal is a parabola. 

73. If the tangents at P, Q intersect in 2?, the circle through 
P touching QH in E passes through S. 

74. If from the foot of the normal at P a perpendicular GK 
be drawn to SF, then FK = 2AS. 

75. Determine the position of F so that the triangle SFG 
may be equilateral. 

76. The tangent at any point meets the directiix and the 
latus rectum in points equidistant from the focus. 

77. If QQ^ be the focal chord perpendicular to the normal at 
F, then FG' = SQ.Sg. 

78. The triangle bounded by three tangents to a parabola is 
equal to half the triangle whose vertices are at the points of 
contact. 

79. If two parabolas be described each touching two sides of 
a given equilateral triangle at the points in which it meets the 
third side, prove that they have a common focus and that the tan- 
gent to either of them at their point of intersection is parallel to 
the axis of the other. 

80. Two equal parabolas have the same axis and directrix. 
From a point on one of them tangents are drawn to the other. 
Shew that the perpendicular from that point to the chord of con- 
tact is bisected by the axis. 

81. Supposing the triangle 123 in Ex. 42 to become 
evanescent, shew that in the limit the common chord of the circle 
and the parabola is equal to four times their common tangent 
measured from the curve to the axis. 

82. A diameter meeting a chord and the tangent at an end 
of it is cut by the curve in the ratio in which it cuts the chord. 

83. Draw a chord which shall be cut in a given ratio by a 
given diameter. 

84. A parabola being inscribed in a triangle its directrix 
passes through the orthocentre. 
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CHAPTER HL 



CHou^-fg: itvcr: is of the 



40. Def- a Cjcic h tbe csrre iescrSei bi a r^Jme by 

hi ijuti p>i=JL ctZid lie /Ix-a*. is ii * cccs^azit ntio to 
rerpeniicilar ci^azjoe frcsi a cerair: £xed ssai^t line. 






A GiTiic is ciljed an fTTtjrae. a PjutjccCa. or a Hwperbola, 



•TJiinz as ii3 c c c er . nrc irr is l^s ihan> ecTsal tx or gienter 



4L Sdoc pr:^peiiais can Ve prc^Tievi 9^ srsrly for all 
CDiia ar cnoe as for the elliiQe deiaiaielT^ We sSall aoo(»d- 
irtg-.y, in ennr^dadng scsne o: the rj\>i>i>sidoss in Char-teis m. 
ac-d IT^ use or impiT tie geiseial terai tV'/skr instead <k Ellipse, 
Ardi-Ies irhicJi apply to all ocnks will be cisdi:^:[iisiied by 
tie mark T. 



i± Let S be tbe focns <^an ellix^s^. ani X the point in 
wi^cn the axis meets the diiectnx. iKriie &r in ^ so that 
SA nay be to AX as the eocentricin*: Then J is a Tcrtcx. 
Since the eocentxicity is less thin nnity it is exident that 
there is a second xeitex A in X5 produced, snch that SA is 
to AX as the eooentiicity. 

43. The ellijse lies wholly on the same side of the 
diiectrix with the focos^ For imagine two of its points O, P 
to lie on oppodte sides. Let OP cut the dixectnx in R. Tlien, 
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l)y the definition if OP be at right angles to the directrix, 
and otherwise a fortiori^ 

80 < OB, and 8P<PE. 




Bjr addition, 80 + 8P < OP, which is impossible. 
Hence the ellipse lies wholly on one side of the directrix, 
viz. that on which are the points A, A' already determined. 

144. An extension of the definition of a conic. 

From any point P on a conic draw PM perpendicular to 
the directrix, and PB meeting the directrix at ani/ constant 
angle. Then PM : PB is a constant ratio. But by definition 
8P : PM is constant. Therefore SP : PB is constant. Hence 
a conic might have been defined as the locus of a point P 
whose distance 8P from the focus is in a constant ratio to its 
distance PB from the directrix measured parallel to any fixed 
straight line which meets the directrix. When this fixed 
straight line meets the directrix perpendicularly we come back 
to the original definition. 

f 46. As a particular case of the above let P, Q be two 
points on a conic* and let the straight line joining them 
meet the directrix in B. Let fall perpendiculars PM, QN on 
the directrix. 

Then 8P:8Q = PM: QN [Def. 

= PB : QB, 

by parallels, and conversely if this relation holds and P be on 
the curve, then Q will be on the curve. 

* This includes the case of a focal chord. 
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46. For two chords of an ellipse through P and A, A' 
respectively which meet the directrix in Z^ Z\ 




and 



8A\SP^AX\TM [Def. 

= AZ : FZ, by parallels ; 
BA : SP=^ AZ' : FZ\ similarly. 



IT 47. From Art. ^5, when one point P on the curve is 
given a second Q may be determined by drawing FR to any 
point jB on the directrix, and then drawing 8Q making the 
same angle as F8 with SR. For 8Q will meet RF in a 
point Q such that 

SF:SQ = FR: QR. [Euc. vi. A. 

From this construction it appears that a straight line 
which meets a conic in a point P will in general meet it in 
one other point Q, and that no straight line can meet a conic 
in more points than two. Hence Conies are called curves of 
the second degree, 

48. Starting from the vertex A we may determine 
any number of points as P on the ellipse, by drawing AZ 
to any point Z on the directrix, and then making the angle 
Z8p equal to the known angle X8Z, The line p8 thus 
drawn meets ZA on the ellipse. [47. 

Or we might have determined points as P by starting 
from the vertex A* and taking the angle Z'8F equal to X8Z\ 
where Z' is any assumed point on the directrix. 
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49. The straight lines joining the vertices to any point 
P on the curve meet the directrix in points Z, Z' such that 
^ ZSZ ' = a right angle. 

For since 8 A : 8P = AZ: PZ, as in Art. 46, 
therefore z X8Z= - supplement of XSP, [Euc. vl a. 

Similarly, z. X8Z= \ X8R [Euc. vi. 3. 

By addition, z Z8Z' = a right angle. 

Hence in Art. 48 if the angles X8Z^ X8Z\ measured on 
opposite sides of the axis, be complementary, the two con- 
structions give the same point P on the curve. Hence the 
simpler construction. Join AZ, A'Z intersecting in P. 

60. The point -^ may be any point on the directrix. 
Suppose Z to start from an infinite distance below the axis, 
and to approach X. When Z\^ at infinity Z' must be at X; 
as ^approaches the axis Z' recedes from it ; when Z is at X, 
then Z' is at infinity. After this the points Z^ Z' change 
sides of the axis, and each of the lengths ZZ, Z'X passes 
continuously through the values which the other had before. 
Hence we infer that the ellipse is symmetrical with respect 
to its axis. And since the angle X4P, being greater than 
the interior angle AXZy is obtuse, and XA'P is acute, there- 
fore the ellipse is a closed curve lying wholly between the 
perpendiculars to the axis through the vertices. 



Examples. 

85. Shew that ^Ap, ZpA' are straight lines. 

86. The straight lines joining a vertex to the ends of a focal 
chord intercept on the directrix a length which subtends a right 
angle at the focus. 

87. The parallels to the axis through P, p cut ZS, ZS in 
points Qy q such that Qq meets Pp on the directrix, and cuts the 
axis at a distance equal to the semi-latus rectum from S. 
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f 51. Prop. T. The distance of any point P outside a 
conic from the focus S is to its perpendicular distance from the 
directrix in a ratio greater than the eccentricity. 




Let 8P cut the conic in p, from which point let fall ft 
perpendicular pm on the directrix. The ratio Sp : pm is 
equal to the eccentricity. Let pm cut 8M in n. Then by 
parallels, 

8P : PM= Sp : pn> Sp : pm. 

As the figure is drawn p falls between S and P. When 
P lies beyond the directrix, p is to be taken in PS pro- 
duced. 

IT 52. When P is within the conic it may be shewn in 
like manner that 

SP : PM< Sp : pm, 

where p is to be taken in ;SP produced*. 

This proposition illustrates a remark made above ; for it 
is immaterial whether the eccentricity Sp : pm be less than 
unity or wholly unrestricted. In otner words, the theorem 
is proved as simply for all conies at once as it could be for 
the ellipse separately. 

Examples. 

88. If an ellipse, a parabola, and a hyperbola have the same 
focus and directrix, the ellipse lies wholly within the parabola, and 
the parabola wholly within the hyperbola. 

8d. Conies having the same focus and directrix do not meet. 
* Except when P is within the farther branch of a hyperbola. 
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53. Prop. II. The square of the principal ordinate PN 
of any point P on an ellipse whose vertices are A, A', varies 
as Aif . NA'. 




Let A'P, PA meet the directrix in Z\ Z, 
Then PN i AN^ZX : AX, 

and PN : AN=ZX : AX. 

Compounding, 

PN' : AN.A'N^ZX.Z'X : AX. AX 

= 8X' lAX.A'X, 
since the angle Z8Z^ is a right angle. 

Therefore PN' : AN .AN is a constant ratio. 



[49. 



Def. The middle point G of A A is called the Centre* 
of the ellipse. The central chord BOB' perpendicular to the 
axis is called the Minor Axis, and AA* itself is also called 
the Major Axis. CN is called the Principal Abscissa of P, 

Examples. 

90. Shew conversely that if FJ^' varies as AN . NA\ then 
ZX . XZ is constant. 

91. Determine the value of this constant by making N coin- 
cide with aSI 

92. In Art. 44, if SB be drawn parallel to J^R to meet tho 
directrix, 

ST : PR^L : SB. [67. 

* Tlie ellipse and the hyperbola are called GvtittaX Conia. 



so 
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On the Stmmetkt of the Ellipse. 

This result leads to a simple method of detennining the 
form of the ellipse. 

54. Let PUf coincide with BG. Then the constant ratio 
FN* : AN . NJ! assumes the form CE" : CA\ 
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Hence always 

TN^ : AN.NA' ^CB' : CA\ 

or PN^ : CA^- CN'=^CB' : CA\ 

When the length ON is known the length PN is known. 
And since PN msLj be measured either upwards or down- 
wards from the axis, therefore, as we have already seen, the 
ellipse is divided symmetrically by its axis. 

When the length P^is known the length CWis known. 
And since CN may be measured either to the right or to the 
left from G the ellipse is divided symmetrically by its minor 
axis. 

55. From any point P let fall a perpendicular Pn on 
BB\ and produce it to P' so that P'n may be equal to Pn. 
If now, with some writers, we call P' the Reflexion of P with 
respect to BB\ then we may say that P-B' divides the figure 
into two parts such that one is the reflexion of the other. 
The ellipse must therefore have a second focus S' the re- 
flexion of 8f and a second directrix the reflexion of the first. 
The second focus and directrix have the same properties as 
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the first, and the cmre may be described eqnalljr well from 
either of the relations 

SP : NX ==SA : AX, 

.S'Pi NX'=S'A': A'X' 

= SA : AX. 

IT 56. It is hence evident that equal focal radii, as SP, 
S'P'j •&>, 8'p' and equal focal chords are such as are equally 
inclined to the axis. 

57. Prop. ILL The sum of the focal radii to any paint 
on the ellipse is constant. 

For SP : NX^SA: AX= SP: NX. [55. 

Hence 8P+ SP:NX+NX^ 8A:AX; 
or SP-hSP: 2GX ^SAiAX. 

Therefore SP-^ SP is constant. 

Let P coincide with A. Then the constant value of 
iSP+ S'P assumes the form SA + SA, that is A A' or 2CA. 

Hence always SP-^S'P=^AA' =^2CA. 

58. Take any point Q outside the ellipse. On the arc 
intercepted by SQ, S'Q take any point P. Then SQ + S'Q 
is greater than SP+ S'P, or AA!. [Euc. I. 21. 

For an internal point, SQ -^ S'Q is less than AA\ 
The following results should be noticed: 

59. When P coincides with B, SB-h S'B=^ 2CA. 
Hence SB= S'B^ CA. 

60. Hence CS^^^SB'-- CB'=- CA^^ CB\ 

61. Also AS.SA'=-OA'--CS'=CB\ 

62. Again, SB : CX :=- SA : AX. [Def. 
Therefore CA:CX==SA: AX. 

63. Hence CA-SA: CZ- ^X= CA : CX; 
or CS : CA ^CAiCX 

^SAiAX. 
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and 



or 



or 



6i. Hence also CSi CZ= CS* : CA\ 

CS. CX= CA\ 

65. Therefore CS. CX^CST^ CA*^ CS*, 

CS,SX^Cff. - 

66. The definition may he expressed in the form 

SPiPM=^CSiCA, 
SPiXX^CSiGA. 



[63. 



67. K L denote the focal ordinate or semi-Iatns rectom, 
then, writing S for N in Art. 54, 

U : A8. SA'= CB" : GA\ 

or i*: CI^ =GB'iCA\ [61. 

Therefore (78 is a mean piopcMrtional to CA and 2<. 

Orthns: LzSX=CS:CA, [66. 

therefore L.CA=CS.SX= CB*. [65. 

68. Prop. IY. 2^6 29ct» of tie middle points of any 
system cf parallel chords is a straight line passing through the 
ceiUre efthe ellipse. 




Let Qq be any one of the system of chords parallel to the 
radins CI); and let Qify qm be the ordinates of Q, q. 

Then gjP: CA*- CJP=^ CffiCA\ [54. 

and qm*z CA^-Cm* = CB*: CA\ 

Hence gjT-ffm*: (W- CJP= CS^i CA\ 

Bisect Q; in O, Let OL.DB be the ordinates of O, D. 
Draw qK parallel to the axis to meet QM. 
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Then* QM-qmiCm- CM^ QK: qK 

by similar triangles QqK, DCB, 

Also QM+ qm:Cm+ CM= 20L\2 OL. [Introd. 

Hence t 20L.DR:2CL .CB=- CB^: CA\ from above. 

Therefore, 2)B and GB being constant, the ratio OL : CL 
is constant, or the locus of is a straight line through C. 

69. Hence all diameters pass through the centre. It is 
evident that equal diameters are such as are equally in- 
clined to the axis. Thus in the figure on p. 30, the diameters 
Pp, P'p are equal and equally inclined to the axis. 

70. Produce CO to meet the ellipse in P. It follows at 
once from vrhat is proved in Art. 68, that, PN being the 
ordinate of P, 

PN.DB: ON. CB = GB"'. CA\ 

The symmetry of this relation shews that if CP bisects 
chords parallel to CD, then CD bisects chords parallel 
to CP. 

Dep. Two diameters are Conjugate when each bisects 
chords parallel to- the other. Thus the axes are conjugate. 

More generally any two chords parallel to conjugate 
diameters may be called Conjugate Chords, 

Supplemental Chorda are such as join the ends of any 
diameter to some point on the curve. 

71. To shew that Supplemental Chords are Conjugate, 

In the figure of Art. 78 let SS be a diameter of an ellipse ; 
P any point on the curve ; C the centre. Bisect SP in 
and S'P in 0\ Then (70, which bisects both SP and SS, 
is parallel to PS. Similarly CO' is parallel to SP. Hence 
each of the diameters (70, CO bisects chords parallel to the 
other J, and the supplemental chords SP, S'P are parallel to 
these diameters. 

* Some of the signs may have to be changed according to the quadrants 
in which Q, q lie. 

f Or in the usual analytical form, tan d . tan = — ^ • 

X This proves again the result of Art. 70. 

T. 3 
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Def. The Circle described on the major axis as diameter 
is called the Auxiliary Circle, 

72. Prop. V. If the ordinate NP of any point P on the 
ellipse he produced to meet the auxiliary circle in p, then 

PN : pN = CB : CA. 




For PIP : AN, NA' = CB" : CA\ [5-1. 

and AN, NA = pN\ [Euc. iii. 35. 

Therefore PAT': pN^ =- CB^ : CA\ 

73. Conversely, if the ordinate NP be produced to p in 
the ratio CA : CB, the locus of ^ will be the auxiliary circle. 

And if the ordinate pN of any point on a circle be cut in 
a constant ratio, the locus of the point of section will be an 
ellipse whose axes are in that ratio. 

74. Prop. VI. To draw conjugate diameters. 

Take conjugate radii Cpy Gd of the auxiliary circle. Theso 
include a right angle. [Euc. IIL 3. 

Therefore ^^ ^(7^= complement of </(7i?= (7c?^. 

Hence the right-angled triangles pCN, CdR are similar. 
And, since also Cp = Cdy they are equivalent, so that 
pN--CR, and dB=CN, 

Let pN, dR cut the ellipse in P, D, 

Then PN.DRi pN , dR = CB^ : CA\ [72. 

Hence PN, DRiCR. CN= CB' : CA\ from above. 

Therefore CP, CD are conjugate. [70. 
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75. Conversely, if CP, CD be conjugate, and the ordi- 
Tiates NPy RD meet the auxiliary circie in ^, d, the angle 
pCd will be a right an^le, and the triangles pGN, CdR will 
be equivalent, so that CR=pN, and CN=^dR. 

Hence PN: CR= GB: CA^ DR: CN. [72. 

76. ' Prop. VII. The sum of the squares of- conjugate 
diameters is constant. 

Let (7P, CD be conjugate radii. Let the ordinates NP, 
RD meet the auxiliary circle in p^ d. Then the triangles 
pCN, CdR are equivalent, so that 

CR = pN, and CN=dR. [75. 

Therefore CIP+ CR'= CIT'+pN^^^ GA\ [Euc. i. 47. 
since the radii (L4, Cd are equal. 

Also PN :CR=CB:CA=DR: CK [75. 

Hence PIP + D&' : Cff = CN' + CR^ : CA\ 

But CN^+ CR= CA\ from above. 

Therefore PN' + Di? = C5*. 

I3y addition, 

CN' + PN' + CR" '{' DR'-- GA' + CL'; 

or CP» + CD' = (7^» + (76^ 

77. Prop. VIII. The parallelogram which has its sides 
equal and parallel to conjugate diameters is of constant aria. 

For PN: pN= CB:CA=DR: dR, as in Art. 74. 

Hence the rectilinear areas 

PGN, DGR, PDRN, 
pCN, dCR, pdRN, 

are each to each In the ratio of CB to CA. 

But ^PCD = PDRN-- PCN- D CR, 

and ^^pCd = pdRN -pCN- dCft. 

Hence a P02> is to pCd, that is \ CA\ as CB to GA. 

3—2 
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Therefore 



^PCD=ICA.CB. 



Describe a parallelogram bj drawing parallels to conjagate 
diameters PGF, BCD through their extremities. Its area 
is lour times that of the parallelogram PD\ and 

the parallelogram PD = 2 a PCD = OA . CB. 




78. Pec p. IX. If CP, CD he conjugate radii, 

SP . S'P = CD'. 




Since {SP + S'Pf = (2 CAy, [57. 

therefore 25^ . 8'P-^ SP* +S'P''=i CA\ [Euc n. 4. 

And because C bisects S8', 
therefore 8P' + 8'P' = 2CS*+2CP*. [Introd. 

Hence " 8P. S'P = 2GA*- C8*-CP* 

= CA* + C£* - CP" [60. 

«= CI>'. [76. 
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1[ 79. Prop. X. The focal ordinate is a harmonic mean 
between the segments of any focal chord. 




[45. 



Let a focal chord PQ meet the directrix in R. 

Then 8P : FR^SQ : QR, 

or PR i.QR^PR'-SR : SR-QR. 

That IS to say, PR, SR, QR are in harmonical progres- 
sion, the first being to the third as the difference between the 
first and second to the difierence between the second and 
third. 

But by parallels, if L denote the semi-latus rectum, 
PR : 8R : QR^PM: 8X ; QN 

-=SP : L : 8Q. [Def. 

Therefore 8P, L, 8Q are in harmonical progression, 
If 80. The result may be written in either of the forms 

2 



8P'^ 8Q 



8P: 8Q==8P'-L : L'^8Q, 
28P. 8Q^L {SP+ 8Q) ^L.PQ. 
If 81. Cor. If PQ, pq be any two focal chords, 
8P.SQ : Sp.8q = PQ : pq. 

Example. 

93. Given the focus of a conic and a focal chord, fiad the locus 
of the enda of the latus rectum. 
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Os Auxiliary Points. 

Def. If any principal ordinate NP be produced to p in 
tlie ratio CA : CB, then p may be called the Auxiliary 
Point of P. When P lies on the ellipse, p lies on the auxi- 
liary circle. [73. 

82. If any number qf points O, P, Q ... lie on a straight 
line which meets the axis in T, their auxiliary points o, p, q ... 
will lie on a straight line which meets the axis in the same 
point T. 




Draw the ordinates pP^, qQM, Then from the definition 
of auxiliary points, and by parallels, 

pN : qM=PN : QM=^NT : MT. 

Therefore Tpq is a straight line. 

And similarly it may be shewn that if be any point on 
PQ, then o lies on pa. 

83. i/*PQ he parallel* to CD, then shall pq he parallel to 
Cd, where d is the auxiliary point o/D. 

Draw the ordinate dDS, 

Then pN : dIi = PN : DR^NT : CR. 

Therefore jj2W, dCR are similar triangles, so that Tp, Cd 
are parallel. 
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84. PkOP. XL If a chord PQ passes through a fired 
point O, the rectangle OP . OQ varies as the square on the 
parallel radius CD. 

Take aaxiliaiy points o, p, q, dy and let the straight lines 
opq^ OPQ meet the axis in T. [82. 

Now in the triangle oTO, because pP is parallel to the 
side oO, therefore 

OP : op = TP : Tp. 
Similarly, 

OQ : oq=TP : Tp. 

Compounding, 

OP.OQ : op.oq = TP* : Tp* 

= CD' : Cd\ 

by similar triangles TpP, GdDy their sides being parallel 
each to each. [83. 

Now since is fixed its auxiliary point o is fixed. There- 
fore op . oq is constant, whether o be without or within the 
auxiliary circle. [Euc. IIL 35, 36. 

Hence, the radius Cp being constant, the ratio of OP. OQ 
to CU^ is constant whether be without or within the 
ellipse. 

85. A focal chord ^S^ varies as Sp. 8q or CD\ [81. 

86. IfPOQy P'OQ' be any two chords* parallel to the 
radii CD^ CD' and to the focal chords pq^ p'q\ then 

OP. OQ : OF. 0Q'= GIf : GB^ 

= pq : p!q. [85. 

^87. COK. Hence, and from Art. 56, the chords of inter- 
section of a conic with a circle are equally inclined to fhe 
axis. For if P, P\ Q, Q be concyclic these rectangles are 
equal. Hence pq^ pq are equal, and therefore equally in- 
clined to the axis. 

* As a particular case either of these chords may coincide with the 
parallel diameter. 
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188. The following enunciation suits all conies : 

The rectangles contained by the segments of any two 
intersecting chords are to one another as the lengths of the 
parallel focal chords. 

We shall now give a more general definition of the terms 
Ordinate and Abscissa. 

Def. Any two straight lines being taken as Coordinate 
j4xes, from any point Q draw QF parallel to one of them and 
terminated by the other. Then QV is called the Ordinate 
and CV the Abscissa oi Q; and QVy (7 F together are called 
the Coordinates of Q. 

The axes here spoken of may or may not coincide with 
the axes of the ellipse. 

89. Prop. XII. If QV, CV he the coordinates of any 
point Q on the ellipse referred to conjugate diameters DD', PP', 
then 

QV» : PV . VP' ^ CD' : CP. 

Complete the chord Q VQ' as in the figure on p. 44. 
Then QV. VQ : PV, VP' ^ CD' : CP", as in Art. 86. 
But CP bisects chords parallel to CD. 
Therefore QV : PV. VP' = CD' : CP\ 
We may also write 

QV' : CP'- CV'=CD' : CP\ 

90. If the axes of the ellipse be taken as coordinate 
axes, then 

(i) If the abscissae be measured on the major axis we 
come back to Prop. ir. 

(ii) If the abscissas be measured on the minor axis, 
then 

QV : PV.VP'^CA' : CB\ 

91.^ Hence it may be shewn by the method of Art. 72 
that any ordinate QF perpendicular to the minor axis is cut 
in the ratio CB : CA by the circle on that axis. The circle 
on BB' is in fact a Minor Auxiliary Circle, having auxiliary 
properties corresponding to those of the circle on AA\ 
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92. Prop. XIII. To find the length of any focal chord. 

Let PQ be a focal chord parallel to the radius CD, 
Denote by 2L the latus rectum, which is the focal chord 
parallel to GB, 

Then PQ I 2Z= CZ)» : CE" [85. 

^Giy : L.CA. [67. 

. Hence PQ.CA = 2CD'. 

If 93. Prop. X IV. The straight lines which join adjacent 
extremities of any two focal chords meet two and two on the 
directrix. 

This will be proved in the course of Art. 105. 

It 94. The locus of the middle points of any system of 
parallel chords of a conic is a straight line. And the bisecting. 
line meets the directrix on the straight line through the focus 
perpendicular to the chords. 

This has been proved for the parabola in Art. 6 ; and the 
first part has been proved for the ellipse in Art. 68. We 
shall now indicate a method of proving the proposition gene- 
rally. 

In the figure on p. 25 let PQ be one of a system of parallel 
cliords. Draw a perpendicular SYto PQ, Bisect PQ in 0. 

Then since SQ: QR = SP: PR, [44. 

therefore SP" ^ SQ' : PM' -- QB^ = SP" : PR'. 

But SP^ and 8Q^ are equal respectively to 
PY'+8Y' and QY' + 8Y\ 
By subtraction 

SP' - 8Q' = Pr»- QY'=^PQ.20Y. [Introd. 

Also, PR'^-QR" =PQ.20R. 

Hence OY: 0R=8P^ : PR", from above. 

Therefore Y : OR is constant for parallel chords, [44. 

and the locus of is a straight line meeting the directrix in 
the same point with 8Y. 
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95. Let two diameters meet the directrix in^, d. Then 
if Gd bisects chords parallel to Gp^ it may be easily shewn 
that S is the Orthocentre of the triangle pGdy and hence that 
Gp bisects chords parallel to Cd. 

Also that pX.dX: GX' ^ GB" : GA\ [64, 5. 

which agrees with Art. 70. 

1[ 96. To shew that a conic is concave to its axis, 

9 

In the figure on p. 25, since SR bisects the angle supple- 
mentary to jP>SQ, therefore if be any point in the chord P^, 

80 \ OR<SP\ PR. [Introd. 

But if 0* be the point, above the axis, in which the 
ordinate of cuts the conic, then 

Sa : OR = SP:PR. [44. 

Hence S0\ being greater than 80, lies above it; or every 
arc PQ, however small, is more remote from the axis than 
the chord of the arc. 
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TANGENT-PKOPERTIES OP THE ELLIPSE. 

97. The tangents at the ends of any diameter are parallel 
to the ordinates of that diameter and to one another. Con- 
versely, parallel tangents touch the curve sit opposite ends of 
a diameter. [17. 

98. The tangents at the ends of either axis are parallel 
to the other. 

99. , The sides of a parallelogram described as in Art. 77 
are tangents. Hence 

The area of a circumscribing parallelogram which has its 
sides parallel to conjugate diameters is constant^ and equal to 
the rectangle contained by the axes. 

100. Let the normal at P meet DD' in F. 
Then PF .CD=^ parallelogram PD 

^CA: CB. 

101. In Art. 86 it is shewn that the rectangles contained 
by the segments of any two intersecting chords are to one 
another as the rectangles contained by the segments of 
any other two chords parallel to the former. Hence if 
two of the chords, moving parallel to themselves, become tan- 
gents TP, Tp, and the other two chords become diameters 
DD\ dd' parallel to those tangents, then the proposition 
assumes the form 

TP" : Tp^=Ciy : Cd?. 

Hence any two tangents TP, Tp are as the parallel radii 
CD, Gd. 
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102.- In Art 82 suppose the points Q, q to become co- 
incident with P, p. Then the lines PQ, pq become tangents 
to the ellipse at P and to the auxiliary circle at p respectively, 
and they always meet in a point T on the axis. Hence, the 
radius Cp being perpendicular to the tangent pT, 

We proceed to prove a more general theorem which in- 
cludes this. 

103. Prop. XV. IfGV he the abscissa of a point Q, tJu 
tangent at which meets the radius ofahscissce CP in T, then 

CV . CT = CP". 




The tangent at P is parallel to QV, Let it meet QT in 
R. Complete the parallelogram QRPO, viz. by drawing PO 
parallel to RQ. Then the diagonal RO bisects PQ. 

But PQ is a chord of contact, viz. of tangents RP, RQ; 
and therefore its bisector PO'is a diameter. [22, 

Let it be produced to the centre (7. 

Then by parallels CV:CP=CO:CR 

= CP:CT. 

Therefore CV. CT= CP\ 

104, If P coincide with A, and N be written for V^ 
then 

CN. GT^ GA\ 

The corresponding property of the minor axis may be 
expressed, 

Cn.Ct^CB". 
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1[105. Prop. XVI. Tangents at the ends of a focal chord 
meet on the directrix; and every tangent, measured from the 
curve to the directrix^ subtends a right angle at the focus. 




(i) Let Pp, Qq be any two focal chords; and let PQ 
meet the directrix in i?. Then from the definition, 

8P : 8Q-=PR : QR-, [45. 

or R lies on the bisector of ^ p8Q, [Euc. vi. A. 

So too it may be shewn that pq meets the directrix on the 
bisector of z p8Q, That is to say, PQ, pq meet the directrix 
in the same point i?. 

(ii) Now let Pp, Q^ be adjacent chords. And let Qq 
turn about 8 until it comcides with Pp, Thus the joining 
lines PQ, pq, which always meet on the directrix, become the 
tangents at P, p. And since 8R is always equally inclined 
to 8p, 8Q, therefore in the limit, when 8Q coincides with 
8P, it makes equal angles with 8p, 8P, That is to say, 8R 
is at right angles to Pp, the chord of contact of tangents 
from R. Compare the next figure. 

^106. Conversely, the chord of contact of the tangents 
drawn from any point on the directrix passes through the 
focus. 

^107. Def. The point of intersection of the tangents at 
the ends of any chord is said to be the Pole of the chord ; and 
the chord of contact of the tangents from any point is said to 
be the Polar of the point. 
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^108. Prop. XVII. If from any point T on the tangent 
at T to a conic, perpendiculars TL, TN be let fall on SP and 
the directrix, then 

SL : TN = SA : AX. 
As in Art. 28, SL : 8P=^ RT : HP 

= TN : PM. 
Alternately, SL : TN^ SP : PM 

= 8A : AX. 

1[109. Cor. Conversely, to draw tangents to a conic 
from a given point T, With radius SL determined from the 
proposition describe a circle about S, Draw tangents TL, TM 
to tne circle. Then SL, SM meet the conic in the required 
points of contact. 

If 110. Prop. XVIII. The focal radius to the pole T of 
any chord of a conic makes equal angles with the radii to its 
ends P, Q*. 

With the construction of Art. 29, 

SL : TN= SA : AX, 
since T lies on the tangent at P. 

And SM : TN^^SA : AX, 

since T lies on the tangent at Q, 

Hence, in the right-angled triangles SLT, SMT, tlic sides 
SL, SM are equal. And ST is common. Therefore the 
angles TSL, TSM are equal, or ST makes equal angles with 
SP, SQ. 

^111. Def. The point in which a chord meets the 
directrix is called the Foot of the chord"f. 

^112. The focal radii to the foot R and the pole T of any 
chord PQ include a right angle. 

For SB, ST bisect supplementary Singles pSQ, PSQ. 

[105, 110. 

* The ennnciatioii of Art. 29 applies in all cases except when the tan- 
gents are drawn to opposite branches of a hyperbola. It will appear in tho 
sequel that tangents so drawn subtend supplementary angles at either focus. 

t This defLnition is borrowed from Mr H. G. Day^s treatise on the Ellipse. 
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113. Prop. XIX. In the ellipse the tangent at P is 
equally, inclined to SP, S'P; and the normal at P bisects the 
angle JSPS'. 




(i) Let a perpendicular through P meet the directrices 
in My M' ; and let -B, K be the feet of the tangent. [Ill, 

Then SP : S'P^PM: PJif [Def. 

= PR:Pir; 

hj similar triangles PMR, PMS. 

Also z P8R = a right angle = P8*R. [105. 

Therefore in the triangles SPR, 8'PR, the angles at P 
are equal. That is to say, the tangent at P makes equal 
angles with SP, S'P; or, as in fig. Art. 115, bisects the angle 
between SP produced and S'P. 

(li) In the next figure let tPT be the tangent and 
PO the normal. 

Then z tPG = a right angle = TPG, 

or z SPt + SPG = S'PG + S'PT. 

Therefore, subtracting the equal angles SPt^ S'PT, 

^ SPG-^STG, 
or the normal bisect3 the angle 8PS\ 
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114. Prop. XX. The circle through the foci and any 
point P on the ellipse meets the minor axis on the tangent and 
the normal at P. 




Let the circle through 8P8' cut the minor axis in g, f» 
Then the equal arcs gS, gS' subtend equal angles at P. 
Therefore Pg is the normal at P. [113. 

Also gt, which bisects 88' at right angles, is a diameter 
of the circle, and therefore subtends a right angle at P. 
Hence Ft, being at right angles to the normal, is the tangent 
at P. 

^> 115. Prop. XXL If Tie the pole of the chord PF, then 

^ STP = STP; 




Let 8P\ 8'P intersect in 0. Produce 8P to Q. Then 
TP, T8 bisect the angles 8TQ, P8P\ • [113, 110. 
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Hence ^ TPQ-T8Q=^\ OPQ-\o8P; 
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or 



iSTP^^POS. 



[Eac. I. 3^. 



t8TP = \F0B'. 



Similarly 

Hence, the vertical angles at being equal, 



t STP=^ 8'TF. 

1[116. Prop. XXIT, If the normal to a conic at P meet 
the axis in G, then 

SG : SP = SA : AX. 




Let the tangent at P meet the directrix in R. Then the 
circle on PR as diameter passes through M the foot of the 
perpendicular from P to the directrix. It also passes through 
5, since P8R is a right angle. [105. 

Now PO is at right angles to PR and touches the circle. 

[Euc. III. 16. Cor. . 

Therefore ^ 8P0 = 8MP in the alternate segment. 

And z PSG = 8PM, by parallels. 

Hence the triangles 8PGy 8MP are similar, so that 

8a : 8P=^8P :PM 

= SA : AX. 
T. 4 
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1[117. Conversely, when P is given thi? relation deter- 
mines O, and the normal at P may be drawn. 



118. In the ellipse, 

8G : SP=SP : PM= C8 : CA. 

Also 8G : PM= CS' : CA'=^ CS : CX, 



[64. 



Conversely, if SG, drawn as in the figure, satisfies this 
relation, then PG is the normal at P. Hence the following 
construction for the normal at P: 




Let fall a perpendicular PM on the directrix^ and let MS 
meet the minor axis in g. Then Pg is the normal. 

For let it cut the axis in some point G ; and let the minor 
axis cut PM in n. Then the parallels SCG, MnP are cut in 
the same ratio, so that 

8G:PM=C8 : nM 
= C8 : OX. 

119. Also, hy parallels and from what precedes, 

PgiGg^PM: 8G 

= GX : C8. 
Therefore Pg.PG^CX: 8X 

= CA' : CB\ [64, 5. 



i 
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120. Again, by similar triangles PGN, gPn^ and since 
Pn=CN, 

NQ : GN^PG : Pg^ GE" : GA\ 

or the subnormal varies as the abscissa. 

1[121. Prop. XXIII, If from the points G, g in which 
the normal at P meets the axes, perpendiculars GK, gk be let 
fall on SP, then will PK* and Pk be constant. 

(i) Draw the principal ordinate PN. Then by similar 
right-angled triangles SKG, SNP, 

SK : SN =^8G: SP 

= SPiNX. [lie. 

Hence SP-SK : NX^SN= SP ; NX, 
or PK is to SX as the jBccentricity. 

Therefore PK = ~ latus rectum ; [Def. 

or "^ PK. GANGS'. [67. 

(ii) Also PK : Pk =PG : Pg, by parallels, 
therefore PK. GA : Pk. GANGS' : GA\. [119. 

And the antecedents being equal, the consequents are 
equal. 

Therefore Pk = GA. 

Examples. 

94. Shew that NK is parallel to SM, and deduce that 

FK : SX=SF : FM. 

95. Ifgk, gk' be perpendiculars to SF, SF', then Fk, Sk are 
equal respectively to Fk\ S'k'. Deduce that 

Fk^\{SF-^FS') = CA. 

96. If a circle has double contact with a conic, a chord of 
the circle through the focus and either point of contact has one 
of two constant values. 

97. If it passes through one focus determine the point of 
contact ; and if through both foci, the eccentricity. 

* The first part only of this proposition applies to aU oonica^ The 
iecond part applies to oentral oonios. 
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122. Prop. XXIV. The perpendiculars from the two foci 
of an ellipse upon any tangent contain a constant rectangle. 




Let fall perpendiculars S7, B'Y' and /SZ, S'Z' upon two 
tangents which meet in a point T. 

Then iSTY^B'TZ. [115. 

Hence by similar triangles STY, S'TZ, and by similar 

triangles BTZ, 8'TY\ 

SY: S'Z'=ST:S'T 
^SZ : S'T, 
Let TZ become parallel to the axis ; then 8Z, 8Z become 
each equal to CB. 

Hence always 8Y : CB==^CB -. 8'Y\ 
or 8Y.8'T=CB\ 

123. Prop. XXV. The feet of the focal perpendiculars 
on any tangent to an ellipse lie on the auxiliary circle. 




Let SY, S'Y' be perpendiculars on the tangent at P. 
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Let SP, S'Y' meet in s. Then the tangent FY' bisects the 
angle S'Fs. [113. 

Hence the triangles 8PY\ 8'PY' have their angles at P 
equal, and also their angles at Y. And the side PY' is 
common. 

Therefore sP=8T, and sT=8'T. 

Hence CT bisects both sS' and SS\ 

Therefore GY' is parallel to Ss and eqtial to -- 8$. 

Now 8s=:8P+Ps=8P'^ PS\ from above, 

= 2CA [57. 

Therefore CY' ^ GA ; or Y' lies on the auxiliary circle. 

So too does y. 

124. Conversely, the straight line drawn from any point 
Y on the auxiliary circle at right angles to 8Y touches 
the ellipse. 

125. Hence every focal chord meets the auxiliary circle 
in points F, Z which lie on parallel tangents ; and the rect- 
angle contained by the focal perpendiculars 8Y, 8Z on 
parallel tangents is equal to A8. 8 A or GB\ [61. 

126. Hence another proof of Prop. 24, since evidently 
8Z=^8'T. 

127. Cor. Since GY' , 8P are parallel, therefore, if the 
diameter parallel to PY meet 3P in k, 

Pk=Gr=-GA. 

128. Hence k is the foot of the perpendicular let fall on 
8P from the point in which the normal at P meets the minor 
axis. [121. 

129. Prop. XXVI. Tangents at right angles meet on a 
fixed circle. 

Draw focal perpendiculars 8Y, 8'Y' and 8Z, 8'Z' on two 
tangents which intersect at right angles, viz. in T. The feet 
of these perpendiculars lie on the auxiliary circle. [123. 

Kow Cr = (14* +. TZ. TZ', as in Euc in. 36. 
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' 



And the opposite sides of the rectangles ST, S'T being 
equal, 

TZ.TZ"^ 8Y. 8' r = CB\ [122. 

Therefore ^ CT'^GA^+CB', 
or the locus of Tis a circle. 

130. Def. The circle which is the locus of the inter- 
section of tangents at right angles is called the Director 
Circle, 

131. Prop. XXVII. If the normal at P meet the axes in 
G, g, and CD be the radius conjugate to CP, then 

PG : CD = CB : CA, 
and Pg : CD = CA : CB. 




Use the figure of Art. 72, and supply the line PGg, Draw 
Pn perpendicular to the minor axis. 

(i) Then, since GD is parallel to the tangent at P, it is 
perpendicular to the normal. 

Therefore i. FGN= complement oi DCR= GDR 

Hence, by similar right-angled triangles PQN, CjD-B, 

PG : GD^PN: CR 

= GB : GA. [75. 

(ii) Again, the triangle gPn is similar to PGN or GDR, 

Hence Pg : GD = Pn : DR 

= GN : DR, by parallels, 

= GA : GB. [75. 

132. Hence PG.Pg = GD\ 
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133. Also, as has been proved, 

PO : Pg^-GB" : CA\ [119. 

134. Pkop. XXVIIL If the normal at P cut the axes in 
in G, g, and the diamitir conjugate to CP in F, then 

PF . Pg = CA«, 

and JF.PG = CB«. ' 




(i) Let the diameter conjugate to CP meet 8P in Ic. 
Then gk is perpendicular to 8P, [128. 

Also, since the diameter GF\% parallel to the tangent atP, 
it meets the normal at right angles, viz. in jK 

Hence PF. Pg = PI? = CA\ [121. 

(ii) And, since the angles at K^ F are right angles, the 
points ff , K, h, F are concyclic. 

Therefore PF, PG = PK, Pk = CB\ [121. 

135. Or thus : 

Let the tangent at P meet the axes in T, t Let fall per- 
pendiculars PNy Pn on the axes, and produce them to meet 
the diameter CF in M, m. Then the angles at N, F, n being 
right angles, F, G, N, M are concyclic ; and F, g^ m, n are 
concyclic. 

Hence PF, PG = PN, PM= Cn . Ct, by parallels, 

= (75^ [104 

And PF. Pg = Pk.Pm-- CN. GT, by parallels, 

= CA*. . [104. 
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Examples. 

98. The sides AD, DC of a rectangle ABGD are diyided into 
the same number of equal parts, and straight lines are drawn from 
B, A respectively to the points of section. Shew that correspond- 
ing lines in the two series meet on an ellipse whose axes are equal 
to the sides of the rectangle. 

99. Shew how to draw equal conjugate diameters. [74. 

100. Apply Art. 94 to prove that a central conic is symmetri- 
cal with respect to its minor axis. 

101. If SBS^ be a right angle what is the eccentricity ? 

102. When is the angle SFS' a maximum ? 

103. The segments of d, focal chord subtend equal angles at X. 

104. If chords PR, QR be produced to meet the directrix iti 
p, q, the angle between the focal radii to p, q will be equal to half 
the angle between the focal radii to P, Q. 

105. Two ellipses whose major axes are equal have a common 
focus ; prove that they intersect in two points only. 

106. The major axis is the maximum chord of an ellipse, and 
the minor axis its least diameter. 

107. Given one focus of an ellipse, a point on the curve, and 
the length of the axis; shew that the loci of the other focus and of 
the centre are circles. 

108. The circle inscribed in the triangle SP^ touches SP in 
M, and SS^ in N. Prove that PM= A'S, and AM= SP. 

109. What is the locus of the centre of a circle which touches 
two fixed circles ) 

110. Two cii*cles have their centres fixed and the sum of 
their radii constant. Find the locus of the centre of a cii-cle of 
given radius which touches them both. 

111. The common chord of two ellipses having the same focus 
passes through the intersection of the corresponding directrices. 

112. Given an ellipse, shew how to find C and S» 
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113* Given S^ aad a chord through S, find S. 

114. Two conjugate diameters being given in position and 
magnitude, determine the axes. 

115. The locus of a point which cuts parallel chords of a 
circle in a given ratio is an ellipse having double contact with the 
circle. 

116. The circle on a focal radius touches the auxiliary circle. 

117. The common tangents of the auxiliary circle and the 
circles on JSF, ST intersect on the ordinate of P. 

118. Conjugate diameters meet the directrix at distances 
from the axis which contain a constant rectangle. 

119. A focal chord and its diameter meet the directrix at 
distances from the axis which contain a constant rectangle. 

120. The centre of a focal chord traces a similar ellipse. 

121. The centre of a chord which cuts the axis in a fixed 
point describes an ellipse. [53. 

122. A straight line equal to the radius of a circle slides with 
one end on a fixed diameter and the other end F on the convex 
side of the circumference. Shew that the coordinates of a point 
Q in the line vary as those of F, and hence that Q traces an 
ellipse. 

123. Shew that SF — CA varies as the abscissa of P, and that 

{SF ^CAy + {CA - SDy « CS ». [76. 

124. The parallelogram described on conjugate diameters as 
diagonals is of constant area. 

125. A diameter of an ellipse varies inversely as the perpen- 
dicular focal chord of the auxiliaiy circle. 

126. If the radii CF, CQ be at right angles, 

1111 



CF' CQ" CA' CB" ' 

127. The sum of conjugate diameters is a maximum when 
they are equal. 

128. When is the sum of conjugate diameters a minimum ? 
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129. SQy S'Q being perpendiculars to conjugate diameters, the 
locus of @ is a concentric ellipse. 

130. The perpendiculars to the axes from the points in which 
a common diameter meets the two auxiliary circles intersect two 
and two on the ellipse. [91. 

It31. The common diameters of equivalent and concentric 
ellipses are at right angles. [87. 

132. If FF, BU be conjugate diameters, then P/>, PD' are 
proportional to the diameters parallel to them. 

133. The sum of conjugate focal chords is constant. 

134. A point in a straight line which slides between two 
fixed straight lines at right angles traces an ellipse. 

1 35. Parallel diameters of similar and similarly situated conies 
bisect the same systems of parallel chords. 

136. "With the pole of a chord as centre a circle can be 
described touching the four focal i-adii to the ends of the chord. 

137. A circle can be drawn through the foci and the inter- 
sections of any tangent with the tangents at the vertices. 

138. The equi-con jugate diameters coincide in direction with 
the diagonals of a rectangle formed by the tangents at the ends of 
the axes. 

139. The central perpendicular on the tangent varies inversely 
as the conjugate diameter. 

140. If the tangent and ordinate at Q meet FP the diameter 
of abscisssB in Ty F, shew by Art. 101 that 

TF : TF = FV \ VF. 

141. Shew directly by the method of Art. 103 that 

TG .TV^TF.TF. 

142. If a chord of a conic subtends a constant angle at the 
focus, its envelope and the locus of its pole are conies having the 
same focus and directrix. [108. 

143. The vertex of a circumscribed triangle whose base sub- 
tends a constant angle at the focus is a conic. 
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144. Shew by equating the angles of the quadrilaterals SFTF', 
S'FTF' to eight right angles that the external angle between the 
tangents is equal to half the sum of the an'gles which their chord 
of contact subtends at the foci. [115. 

145. What is the corresponding theorem when the direction 
of FF" falls between the foci ] 

146. Any tangent meets parallel tangents on conjugate di- 
ameters. 

147. If the tangent at F meets parallel tangents in Qy i?, the 
rectangle FQ . FH is equal to C/>". 

148. The polar of a point on the directrix passes through S, 

149. The radii from a focus to the ends of a diameter make 
equal angles with the tangents at those points. 

150. The straight lines joining the feet and the poles of any 
two chords subtend equal angles at the focus. [111. 

151. The intercept on a tangent by tangents at the ends of a 
focal chord subtends a right angle at the focus. 

152. If 8, s' be the reflexions of S, aS" with respect to a tan- 
gent through F the triangles SFs^ sFS^ will be equivalent. 

153. A parallel to SF from S^ meets ST on a circle. 

154. Shew that ST.CD = SF.GB. 

155. Also that J^r : CB' = SF : 2CA-SF. 

156. The ordinate bisects the angle YNT\ and the points 
Yy N, G, Y' are concyclic. 

157. Shew that FG is bisected by ST, and by S'Y^ and 
that it is a harmonic mean to aST, S'Y\ 

158. Tangents being drawn from any point on a circle through 
the foci, shew that the bisectors of the angles between them pass 
through fixed points. 

159. If the tangent and normal meet either axis in T^ Gy then 

CG. 01=08". 

.160. The bisectors of the angles between the tangents from 
any point are tangent and normal to the confocals through that 
point. 
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161. In Art. 114 shew that PG. Pg is equal to SP . PS", 
and deduce the theorems of Art. 131. [78, 119. 

162. If GP be conjugate to the normal at Q, GQ will be con- 
jugate to the normal at P, 

163. If the tangent at P and its diameter meet the axis and 
directrix in T, D, then DT is parallel to Pas'. 

164. Shew how to draw tangents to an ellipse from a point 
on the auxiliary circle, or from any other external point. 

165. The pole of the tangent at P with respect to the auxiliary 
circle lies on the ordinate of P, 

166. If TP, TP' be the tangents in the first case, SP will be 
parallel to FT. 

167. A circumscribing parallelogram which has two comers 
on the directrices has the other two on the auxiliary circle. 

168. If an ellipse inscribed in a triangle has one focus at the 
orthocentre, the other focus will be at the centre of the circum- 
scribed circle. 

169. If an ellipse slides between two straight lines at right 
angles the locus of its centre is a circle. 



170. The straight line joining the foci subtends at the pole 
. chord half the sum or difference 
tends at the extremities of the chord. 



of a chord half the sum or difference of the angles which it sub- 



171. The portion of a normal chord intercepted between the 
directrices subtends at the pole of the chord half the sum of the 
angles which the straight line joining the foci subtends at the 
extremities of the chord. [112. 

172. If a chord be produced to meet the directrices, the parts 
produced will subtend equal angles at the pole. 

173. Supplemental chords equally inclined to the curve have 
their poles on the director circle. What is the corresponding 
property of the parabola? 

174. The sum of two chords thus drawn is constant. 

175. The normal at ^ is equal to Z. [121- 
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CHORD-PROPERTIES OF THE RECTANGULAR HYPERBOLA. 

136. The hyperbola has been defined as a conic whose 
eccentricity exceeds unity. When the eccentricity is equal 

to $f2 * the hyperbola is called Rectangular, and also Equi- 
lateral, for reasons which will appear. [155. 

137. In the next figure, let ^S- be the focus, and X the 
point in which the axis meets the directrix. Take G in 8X 
produced j such that CX= 8X. On the axis measure CA, GA 
mean proportionals to G8, CX, It will be seen from Prop. I. 
that A, A' are the Vertices, or points in which the curve cuts 
the axis. The point G, which bisects AA\ is the centre. 

138. Def. The circle on AA is called the Auxiliary 
Gircle, 

Its diameter BS perpendicular to A A' is called the Con- 
jugate Axis, and AA is called the Transverse Axis. These 
are also, though equal, called the Minor and Major Axis, 

139. Since G8 = 2GX=28X, by construction, 

and GA'=GS.GX, 

therefore G8' = 2GA\ 

and * (7^» = 2(7Z' = 2/SfZ^ 

140. The square of the semi-latus-rectum is from the 
definition equal to 28X*, and therefore to GA^. Hence the 
latus-rectum is equal to the axis. 

141. Also 8A.8A^G8''''GA'=CA\ [139. 

* The ratio of the diagonal to the side of a square. 
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142. Prop. I. If PN he the principal ordinate of any 
point P on the curve, then 




Since PN^ + SN^ = SP* = 2NX\ [Def. 

and CN' + SN" = 2 CJP + 2NX\ [Euc. ii. 10. 
X being the middle point of CS, 

therefore CN^ - PN' =2CX'= GA\ [139. 

143. If On be the abscissa of P measured along the 
minor axis, then 

Pn^--Cn^:=CA\ 

144. Since PN' =^ CN' - CA\ 

the ordinate PN is equal to the tangent NT from N to the 
auxiliary circle. Hence the circle described about N as 
centre, with radius NT, cuts a perpendicular to the axis 
through N in points P, P which lie on the curve. 

Thus, by taking successive positions of N^ we majr deter- 
mine any number of pairs of pomts on the curve. 
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145. On the form of the curve. 

It is evident from the proposition that the least value of 
CN is GA. Hence no part of the curve can lie between the 
tapgents at Ay A' to the auxiliary circle. Through G draw 
straight lines CjF, GE\ each inclined at half a right angle 
to the axis. Let EN, the ordinate of any point E on one of 
these lines, cut the curve in P. Then, since EN=- GN, and 
from the proposition P^is less than GN, therefore PNis less 
than EN. Hence the curve lies wholly within the angle EGE' 
and the angle vertically opposite. And it spreads out to an in- 
finite distance from both axes at once, since as PN increases 
from zero to infinity GN increases from GA to infinity. Like 
the ellipse, it is symmetrical with respect to both axes, since 
when the lengths PAT, GN at any point P of the curve are 
given, we may measure NP either upwards or downwards 
from the axis, and GN either to the right or to the left from 
C. Hence the curve has a second focus 8' the Peflexion of 8, 
and a second directrix the Reflexion of the first. \pb. 

146. It is evident that diameters and focal chords equally 
inclined to the axis are equal. 

147*. Prop. II. The difference of the focal radii to any 
point on the curve is constant 

With the same construction as above, 

8^- SP : NX' -NX^^SA; AX, 

or 8'P-8P: 2GX = 8A : AX. 

Therefore the difference of 8'P, 8P is constant. 

148. Let P coincide with A. Then the constant value 
of S'P - SP assumes the form 8' A -- 8A, that is A A' ov 2CA, 

149. Hence 

SP' + /S'P* - 28'P . S'P = WA' = 2 G8\ [139. 

Therefore 2G8'+28P. S'P^ S'P" + fiP» 

= 2CP• + 2(75^ [Introd. 
since G bisects 88\ 

Therefore SP.S'P^GP'. 

* This applies as it stands to the hyperbola generally. 
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150. Def. a line to which a curve approximates con- 
tinuously and indefinitely, but which it does not meet at a 
finite distance, is called an Asymptote of the curve. 

151. Prop. III. To find the asymptotes of the rectangular 
hyperbola. 

Through C draw two straight lines each inclined at half a 
right angle to the axis ; and let them meet the principal ordi- 
nate PN of any point P on the curve in E, Ij, Suppose E 
to lie on the same side of the axis with P. [Fig. Art. 142. 

Then GN^EN^E'N. 

Hence EP . E'P= EN'-P2^ = CN^-PN' 

^CA\ [142. 

Therefore as E'P increases EP decreases; and it is evi- 
dent that it may decrease continuously and indefinitely with 
the increase of ON, 

Hence GE is an asymptote. So too is CE\ 

152. In like manner it may be shewn that if an ordinate 
Pn of the minor axis meet the asymptotes in c, e\ then 

eP. e'P= GA\ ' [143. 

153. Cor. The intercepts EP, E'P, and likewise eP, eP, 
are equal. 

154. Cor From P, which may be any point on the 
curve, draw perpendiculars Pxy Py to CE, GE'. Then in the 
isosceles right-angled triangles PxE, PyE', 

Px^^\PE', and Py'^lPE''. 

Hence Px . Fy = \PE . FE' = \ CA\ 

155. The asymptotes are at right angles. Hence the 
name Rectangular Hyperbola. The name Equilateral Hyper- 
bola has reference to the equality of the axes. [138. 
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156. Prop. IV. If a chord QQ' always parallel to itself 
cuts the asymptotes in R, R', the rectangle QR . QR' is con- 
stant. 




Draw QEE\ parallel or perpendicular to the axis accord- 
ing as Q, Q do or do not lie on opposite branches, and let 
it meet the asymptotes in J?, E\ Then the triangle EQR is 
always similar to itself. So too is E'QR, 

Therefore QR varies as QE, 

and QB^ varies as QE\ 

Hence QB . QR varies as QE. QE\ or CA% 
and is therefore constant [152. 

157. Cor. Hence QR.QR=^QR. QR. Therefore the 
intercepts QR, QR are equal, QQ being any chord. 

158. CoR. The diameter bisecting QQ bisects RR. 

Examples. 

176. If -4-4' be a diameter of a circle and PQ one of its ordi- 
nates, then will AP, A'Q intersect on a rectangular hyperbola. 

177. Tangents to a parabola which include half a right angle 
intersect on a rectangular hyperbola. 

178. If a parallel to an asymptote meet the curve in P and 
a principal double ordinate Qq in Oy then 

QO.Oq-^ii^OCP. 
T. 5 
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159. Prop. V. The locus of the middle points of any 
system of parallel chords, is a straight line through the centre. 




Let Qq^ be any one of a system of parallel chords*; Cilf, 
Cm the abscissae of its extremities. Let be the centre of 
the chord, and OL its ordinate. Draw qK parallel to the 
axis to meet QM. 



Then 
and 

Therefore 
or QM— qm 

Thereforet 



QM^^CA^=-GM\ [142. 

CM+Cm= CM-^ Cm : QM+ qm. 
20L : 2CL = qK : QK, [Introd. 



But the ratio qK : QK is constant for parallel chords. 

Therefore also OL : CL is constant, and the locus of 
is a straight line through C. 

160. Prop. VI. Conjugate diameters make complementary 
angles with either axis. 

For OL : CL = qK -, QK, as in Prop, v., 

= nM : QM, 

if n be the point in which Qq meets the axis. 

• Whether meeting one branch only or both branches, 
t See the first note on p. 83. 
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Hence the right-apgled triangles QnM, COL are similar, 
so that 

4 QnM— COL = complement of OCZ j 

or if CD be parallel to qQ, then CO, CD make complementary- 
angles with CA, and therefore also with CB. [Fig. p. 68. 

161. Cor. Conjugate radii CP, CD are equally inclined 
to the axes each to each. 

162. Cor. Also they are equally inclined td either 
asymptote. 

163. Hence it appears that the acute angle between two 
conjugate diameters lies wholly in one of the four ^quadrants 
bounded by the axes. Also that one of every two conjugate 
diameters makes with the axis an acute angle greater than 
half a right angle, and therefore evidently does not meet the 
curve. 

Likewise one of every two diameters at right angles does 
not meet the curve^ 

164. Every diameter which makes with the axis an 
acute angle less than half a right angle meets the curve. 
For, in the figure on p. 62 draw a diameter cutting the 
intercept UP in 0. Then however small an angle the dia- 
meter makes with CE, the length JEO may be increased 
indefinitely by making the ordinate recede from C. 

Therefore JEO becomes at some point equal to and then 
greater than EP, which diminishes continually. That is to 
say, the diameter cuts the cm*ve. 

165. Hence it appears that no straight line through G 
except CE and CE' can be an asymptote. In like manner 
it may be shewn that no other straight line can be an asymp- 
tote. Also that a straight line parallel to an asymptote cuts 
the curve once and does not meet it again. 

5—2 
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166. Def. It is convenient to define the length of a 
diameter which does not meet the curve as equal to the 
length of its conjugate*; but we shall avoid speaking of 
the "extremities" of a diameter which does not meet the 



curve. 



167. Prop. VII. If CP, CD le conjugate radii, and 
PN, DR the ordinates of P, D, the triangles PCN, DCR will 
be equivalent 




For 



zPCN= complement of JOGS 

r=CDIi. 



[160. 



Hence the triangles are similar. And their sides CP, CD 
are ecjual. Therefore they are equivalent. 



168. Cor. Since CN= DB, and CB = PJV, 
therefore CN' - (7i? = DB^--PN^^ CN^ - PN' 

^CA\ 



[142. 



169. Cor. Also 

DIP -- CB? -- CN' ^ PN' ^ CA\ 
where CD may be any radius which does not meet the curve. 

* In the next figure a circle is drawn to indicate this eqnality. This must 
not be confounded with the auxiliary circle. 
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170. Prop. VIII. The 'parallelogram* which has its 
sides equal and parallel to conjugate diameters is of constant 
%rea» 

In the last figure let (7P, CD intersect in 0, 

Then since aDCR = PGF, [167. 

subtracting COR, a OGD = PORN, 
and adding POD, a PCD = PDRN, 

or 2^PCD=={DR + PN)NRf={CN+CR)(CN'-CR) 

= CA\ [168. 

For the rest compare Art. 77, and see fig. Art 200. 

171. Prop. IX. The angle between two diameters is equal 
to that between their conjugates. 

For if CE be an asymptote, and CP, CD\ Cp, Cd 
conjugate radii, such that 

^PCE = DCE, [162. 

and zpCE=-dCE, ' 

by subtraction z PCp = D Cd. 

172. More generally : The acute or obtuse angle between 
any two chords is equal to the acute or obtuse angle between 
any two chords conjugate to the former each to each. [70. 

173. Since' by Art. 71 supplemental chords as PQ, P^Q 
and PQ', P^Q' are conjugate, therefore the angles between 
PQ, PQ' are equal to those between PQ, PQ\ Hence any 
chord QQ' subtends at the ends of any diameter PP* angles 
which are either equal or supplementary. 

It may be shewn that the angles subtended are equal or 
supplementary according as the direction of QQ' falls within 
or without PP\ 

The next figure shews one of the four cases which occur. 

* In this case a rhombus. 

t For PDEN is made up of the tfiaogles DEN, PNJ). 
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174. Prop. X. If CV he the abscissa measured on the 
diameter PCF of a paint Q on the curve, then 

QV« = PV.FV = CV«-CP«. 




Produce QV to meet the curve in Q\ Then ^^' sub- 
tends at P, P' angles which, not being equal, are supple- 
mentary. [173. 

On CV produced take Vp equal to VR Then since 
QQf, JPp bisect one another they are the diagonals of a paral- 
lelogram. 

Therefore z QpQ' = QPQf = supplement of QFQ\ 

Hence p, Q, P', Q' are concyclic, [Euc. ill. 22. 

and QV'=^pV.F'K [Euc. iii. 35. 

Therefore QV'^ PV. P' 7=07"- CP\ 

175. Hence another proof of Prop. iv. : 
On QQ take FB, 7B' each equal to CV. 
Then QR. QE^RV^-- (2F"= (7F»- (JF* 

= CP\ 
whence it may be shewn that CB, CK are the asymptotes. 

176. If Cv be the abscissa of Q measured parallel to 
QQ\ then evidently Qv is equal to (7F, and Cv to QF, 

Therefore Qv'-^CP^^Cv^ 
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177. Prop. XI. Diameters at right angles are equal. 

In the figure on p. 68 draw CP' at right angles to CD 
below the axis, and let CP be conjugate to' CD. 

Then /:DCA + PC A = a right angle [160. 

= P'CA + DC A, by construction. 

Hence the angles PC Ay P'CA are equal. 

Therefore CP'=CP-=CD. [146. 

178. The ordlnates in Prop. vii. have been taken to be 
principal ordinates. More generally, suppose CA to be any 
radius : then since the lines (7P, CD and GN, DB are con- 
jugate, therefore 

zPCN^CDR. [172. 

Hence the triangles PCN, CDR, having also the angles at 
Cf N equal and the sides CP, CD equal, are equivalent. 

The corollaries then follow with the help of Prop. x. 

Examples. 

179. In the rectangular hyperbola diameters at right angles 
bisect chords at right angles, 

180. The bisectors of the angles between supplemental chords 
of a rectangular hyperbola are parallel to fixed lines. 

181. Given a diameter and one other point of a rectangular 
hyperbola, construct the curve. 

182. If on an arc AB of a circle whose centre is there be 
taken points P, Q such that 

arc-4P = 2arcJ?^, 

then a rectangular hyperbola described on ^0 as diameter so as to 
pass through the intersection of OB with the tangent to the circle 
at Af will also pass through the intersection of AF, OQ. 

183. Shew how to trisect a given circular arc by describing 
rectangular hyperbolas. 
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179. Prop. XII. If a chord (^Q passes through a fixed 
point 0, the rectangle QO . OQ' varies as the square of the 
parallel radium CP, 




Let V be the centre of the chord ; Cq the radius towards 
; Cv the abscissa of j. 

Then Q F" - CP" = CV\ [176. 

and qv" - CP^ = Cv\ 

Therefore 

= OF' : gv", by parallels. 
Hence OV'^QV'+ CP" : GP^ OV : qv'. 

But the right-hand ratio is equal to CO' : Cq\ which is 
constant since 0, q are fixed points. 

Therefore the left-hand ratio is constant. 
Hence OV* — QV* : CP* is a constant ratio. 
Therefore QO. OQ varies as GP. 

180. The proof is similar when Q, Q' lie on the same 
branch. When CO does not meet the curve the above result 
may be obtained with the help of Art. 178. 
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181. Hence the rectangles contained hj the segments of 
any two intersecting chords are as the squares of the parallel 
radii. 

182. Prop. XIII. If PSQ he the focal chord parallel to 
the radius CD, then 

SP . SQ = CD". 

For, the axis itself being a focal chord, 

SP.8Q: CZ>'= SA . 8A' : CA\ ' [181. 

which is a ratio of equality. [141. 

183. Cor. Focal chords at right angles are equal. [177. 

184. If QQ^ RK be chords at right angles, meeting in 
0, then 

QO .OQ'=^RO.OE, [177. 

The points Q, Q\ B, B' are so situated that they cannot 
lie on one circle. Hence no exception to Art. 87 arises. 

185. Since QO: OB = OB' : 0^, 

therefore QB is perpendicular to QfB, and QB to QfB» 
Hence, if any triangle BQ'B! be inscribed in a rectangular 
hyperbola, its Orthocentre Q will lie on the curve. 

186. Conversely, a conic which passes through the ortho- 
centre and the vertices of a triangle must be a rectangular 
hyperbola ; for it has three pairs of equal diameters at right 
angles, and it is evident that it cannot be a circle. 

187. It may be shewn that the centre of a rectangular 
hyperbola described about a triangle lies on the nine-point 
circle, since the diameters of the hyperbola drawn to the 
middle points of the sides contain two and two the same 
angles as the sides. [172. 

188. To prove again that Q in Art. 185 is on the curve : 
The straight line joining the middle point of BB' to F, the 
middle point of QQ, being a diameter of the nine-point circle, 
subtends a right angle at G. [187. 

Hence (7 F bisects chords at right angles to BR. There- 
fore Q is on the curve. 
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189. In the figure on p. 62 suppose pP' to be any chord, 
and P such a point that ttie tangent thereat meets the chord 
at right angles m a point T. Then, since bj a limiting case 
of Art 184, 

TP' = Tp , TP\ 

therefore Pp, PP' are at right angles. Hence the following 
construction for the tangent at P: 

Draw any two chorda Pp, PP' at right angles^ Then the 
perpendicular from P on pP' is the tangent required, 

190. The rectangular hyperbola has no tangents at right 
angles. For if the tangents from a point T be produced 
beyond the curve to meet the asymptotes in 0, 0', then 0(7, 
subtending a right angle at G, cannot subtend a right angle 
at 2: [Euc. L 21, 

191. The portion Tt of any tangent intercepted by the 
asymptotes is bisected at the point of contact P. For by 
Art. 157, if a chord Qq meets the asymptotes in -B, r the 
intercepts QR^ qr are equal; and when the chord becomes 
the tangent at P these intercepts become Pr, Pt. [Fig. Art. 200. 

Hence PT-=Pt=CP= CD. [166. 

192. Hence the tangents at the ends of a diameter P, P' 
meet the asymptotes at the vertices of a rhombus TTt't, 
which is of constant area 4(7-4*, [170. 

193. Also QB . QK becomes equ^l to Pr or CD". 
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194. Art. 172 includes the case of tangents regarded as 
limiting cases of bisected chords. Thus, in the next figure, 
QT being the tangent at Q, 

since CQ^ QT are conjugate^ 

andabo CV, QV, 

therefore / QGV=: TQV^ QtG. 

195. Prop. XIV. If CV, QV be the coordinates of a 
point Q, on the curve, and if the tangent at Q meet the radius 
ofabscisscB CP in T, then 

CV.CT = CP«. 




For since zQCV==TQV, [194. 

the triangles QCV, TQV, equiangular at V, are similar, so 
that 

CV: QV==QV : VT, 

or CV.VT=QV\ 

Hence CV. CT= GV'^QV^ 

= GP\ [174. 

196. When the radius of abscissae does not meet the 
curve the points F, T assume positions v, t on opposite sides 
of C The same method applies. 

197. If the tangent at Q meets any two conjugate dia- 
meters in T, ty the rectangle QT. Qtia equal to GQ^. 

For the triangles QCT, QtG have their angles at Q, Q; 
C, «; T, C equal, [194. 
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198. Prop. XV, If the normal at P meets the axes in 
G, g, then 

PG = CP = Pg. 

The normal cats the diameter conjugate to CP at right 
angles. Hence, F being the point of section, 

^PGC=^ complement of FCG = PCG. [160. 




Therefore PG-=^CP= Pg, similarly. 

199. Cor. Draw perpendiculars GK, gh to 8P, 

Then Pk = PK= CA. [121, 140. 

200. Prop. XVI. Any tangent contains with the asj/mp^ 
totes a triangle of constant area. 
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For if the tangent at P meet the asymptotes in T, f, 

and CD be conjugate to (7P, then since the triangles CPT, 
CPD are between the same parallels, and since P bisects 

Tt, [191. 

ATCt==2CPT^2CPD 

= CA\ [170. 



Examples. 

184. The subnormal is equal to the principal abscissa. 

185. The circle on SS' meets the asymptotes on the tangents 
at A, A\ 

186. The circle through G which has its centre at P on the 
curve passes through the points in which the tangent and normal 
at P meet the asymptotes and the axes respectively. 

187. Draw a tangent to a rectangular hyperbola which shall 
be parallel to a given line. 

188. What is the locus of the middle point of a line which 
i;uts off a constant area from the comer of a square 1 

189. If two concentric rectangular hyperbolas be such that the 
axes of one are the asymptofies of the other, they will intersect at 
right angles. 

190. If two concentric rectangular hyperbolas touch the sam^ 
straight line, the lines joining their points of intersection to their 
respective points of contact subtend equal angles at the centre. 

191. If a right-angled triangle be inscribed in a rectangular 
hyperbola, the hypotenuse will be parallel to the normal at the 
opposite angle. 

192. If two rectangular hjrperbolas touch one another their 
common chords through the point of contact will include a right 
angle, and the remaining common chord will be parallel to their 
common tangent. 

193. A circle through the centre and two points of a rect- 
angular hyperbola passes also through the intersection of the lines 
drawn from each of the two points parallel to the polar of the 
other. 
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CHORD-PROPEKTIES OF THE HYPERBOLA, 

In dealing with the Hyperbola generallj we shall have 
not so much to investigate a new set of propositions as to 
observe the particulars in which the curve under consideration 
differs from the ellipse, or, as regards asymptote-properties, 
from the rectangular hyperbola. 

201. Let 8 be the focus of the hyperbola, and X the 
point in which the axis meets the directrix. The vertices 
Ay -4' satisfy the relation 

SA : AX==8A' : A'X, 

each of these ratios being equal to the eccentricity. Since the 
eccentricity is greater than unity it is evident that A, A' lie 
on opposite sides of X * 

From the above proportion we deduce that 
8A+8A' : AX+A'X=8A^8A' : AX-^A'X, 
each of these ratios being also equal to 8 A : AX, 
Hence, if C be the middle point of AA\ 

2C8 : 2CA==2GA : 2CX . 

= 8A : AX. 

202. With the same construction as for the ellipse it 
may be shewn that in fig. 2 

^ Z8Z' = a right angle, [49. 

and that P2P : AN. NA' = SX^ : AX . AX, [53, 

which is a constant ratio. 
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203. The square of the ordinate varies as NA , NA\ or 
as the square of the tangent from N to the Auxiliary Circle. 

[144. 

204. If we define CB as that value of Pj^T which results 
from making -43/" and A'Nm the above proportion each equal 
to CA, then we may write, analogously to Art. 54, 

PN^ : AN . NA' = CB» : GA\ 

or PN^ : CN'^CA'^ OB" : CA'; 

but in this case B is not a point on the curve, 

205. The method of Art. 145 may now be applied mutatis 
mutandis to determine the form of the curve ; the main dif- 
ference being that the lines CE^ CE' are to be taken subject 
to the relation 

EN^ ; CN'^ CB' : G4»; 

whence it apfpears that, as before, PN is less than EN, and 
the curve lies wholly within the angle ECE and that verti- 
cally opposite. 

206. Def. The hyperbola may be called Acute or 
Obtuse according as the angle ECE' is acute or obtuse ; or, in 
other words, according as CB is less or greater than CA, 

Def. On a perpendicular through C to AA' take equal 
lengths CB, CB'. The lines AA\ BB' are called the Trans- 
verse Axis and the Conjugate Axis respectively. The former 
is also called the Major Aans, although it may be less than 
BBy and the latter is called the Minor Aids. 

207. Through A draw a perpendicular to the axis, and 
let it meet the lines CE, CE' in H, h. Then from the con- 
struction in Art. 205, 

AH^CB^AJi, [Fig. 1. 

and CH'=^CA'+CB\ 
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208. As in the first and second parts respectively of 
Art. 67, it maj be shewn that if 2L be the latus rectum of the 
hyperbola 

L. CA^ Cff, 

and L.CA==C8.SX. 

Hence Cff^CS. 8X, 

and GA^ + CB" = C8 . GX+ CS . 8X [201. 

= C8\ 

Also 8A.8A'^G8^^CA' 

209. Using the method of Art. 68 and the figure on 
p. 66, we may deduce firom Art. 204 that 

OL.JDR : CL.CR=- OB" : GA\ 

Hence, if CP, CD be conjugate radii, and ON, CR the 
abscissae of P, -D, then 

PN.DR : CN. CR^^CB" : GA\ [70. 

Or we may apply Arts. 94, 5. 

210. Def. The rectangular hyperbola described on AA' 
as axis may be called the Auxiliary Hyperbola, A diameter 
of this curve may be called, with reference to an acute or 
obtuse hyperbola on the same axis, an Auxiliary Diameter. 

211. If the ordinate JVP of any point on the hyperbola 
meet the auxiliary hyperbola in p, then, as in Art, 72, 

FN : pN=^ GB : GA. 

212. To draw conjugate diameters. 

Take auxiliary conjugate radii Gp, Gd, and let the ordi- 
nates pN, dR meet the hyperbola in P, B. [Fig. 3. 

Then PN.BR : pN.dR = GB^ : GA\ [211. 

Hence, the triangles pGN, dGR being equivalent, 

PN.DR : GR. GN= GB' : GA\ [167, 8. 

Therefore GP, GD are conjugate. [209. 
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213. Def. If Cd does not meet the auxiliary curve, 
CD also will not meet its curve. But we may define CD as 
terminated by the ordinate of d. 

214. Conversely, if CPy CD Le conjugate, 

FN I CB-- CB.CA^DR: CK [75. 

215. Hence 2?i2*- PiV« : CB" « CN^ - CB? : CA\ 

But CN^^CB?=CA^i * [168. 

therefore DB'-^PJSr^ CE". 

Hence C1P+ FN*- CB?-DB?^ CA' - GB*, 
or CP" - CD" =:CA'^Cff; 

that is to say, the difference of the squares of conjugate dia- 
meters of a hyperbola is constant. 

216. As in Art. 77, the rectilinear areas [^ig* 3. 

PCN, DCS, PDRN 

pCN, dCB, pdRN, 

are each to each in the ratio of CB to CA. 

But ^^FCD^FDBN+DCB^FCN, 

and ^pCd = pdBN + dCB - pCN; 

therefore a FGD is to p Cd, that is ^ (7^», [1 70. 

as CB to (7-4. 

Hence the triangle FCD is equal to J C4 . (75, and the 
parallelogram whicli has its sides equal and parallel to con- 
jugate diameters is equal to AA\. Bn . [Fig. 1. 

217. Art. 84 applies to ths hyperbola, if instead of Euc. 
III. 35, 6 Art. 179 be assumed. 

218. Also QP : FV. VF ^CD": CF". [89. 
Hence QV : CV ^CF'^CD': CF\ 

and QV^-\- CD" : CV* = CD* : CP\ 

219. Analogously to Art. 204, CD* is the value of ^7* 
whicli would result from equating PFand P'F to CF, 

T. . 6 
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The Asymptotes. 

220. Through P (fig. Art. 200) draw a parallel to QV, 
and take PT, Pt each equal to CD. Let CT, Ct cut QF in 



Then 


JJP: CV*=Pr:CF* 


• 


= GO" : CF*. 


Hence 


]iV*=QV*+CD'. 


Therefore 


BQ.Qr=^Br-QV 




= ciy. 



[218. 



And since BQ diminishes indefinitely as the ordinate 
recedes from the axis, therefore GB, or Cr, is an asymptote. 

[165. 

221. From this construction it appears that if a straight 
line meets the curve in Qy jand the asymptotes in B, r, then 
since the same diameter bisects Qq and Br, the intercepts 
QB, qr are equal. 

Also it appears that as Qq moves parallel to itself, the 
rectangle BQ. Qr has the constant value CJD^. 

This constant value becomes CB* when Qq is parallel to 
the conjugate axis, and CA* when it is parallel to the 
transverse axis. 

222. If from any point Q on the curve, Qx, Qy be drawn 
each parallel to one asymptote and terminated by the other, 
then Br being supposed to move parallel to itself) one of the 
lines Qxy Qy, say Qx, varies as QB. and the other Qy varies 
as Qr, But BQ . Qr is constant. Therefore Qx . Qy is con- 
stant. [220, 

When Q is at ^, Qx and Qy become \ Ch and J CH. [207. 

Hence always Qx.Qy^l{CA^^ Cff) 

= i CS". [208. 
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TANGENT-PBOPERTIES OP THE HYPEBBOLA. 

223. From the construction of Art. 220, it follows that 
the portion Tt of any tangent between the asymptotes ia 
bisected at the point of contact. [Fig* Art 200. 

224. The triangle TCt is of constant area, being equal to 
2CFD, or CA . GJB. [200, 216. 

225. The triangles TCt, HCh being equal, their sides 
about the angle are proportional, so that 

CT : GH^ Ck : Gt. [Fig. 1. 

Therefore GT. Gt=-CH.Gh^ G8\ [207, 8. 

226. Art. 103 applies to the hyperbola when CP meets 
the curve*. 

If V, T assume positions v, t on the conjugate diameter 
jDJD', which does not meet the curve, then 

Ct: QV=GT:VT. [Fig. p. 75. 

Hence, Gv being equal to QV, 

Cv. Gt: QV'^GV. GT: GV . VT 

= GF' : GV - CP, 
by the first q^se. 

Therefore Gv . Gt = GL^. [218. 

Fig 5 suits the axis-property in an acute hyperbola. 

Proof: CNi GA^GO : GR 

= GA : CT. 
Therefore CN. GT= CA\ 

* Arts. 195, 6 may be extended by Projection. 

6—2 
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227. In Art. 110, it is true in all cases that 

A T8L = TSM. 

When the tangents are drawn as in fig, 4, to opposite 
branches of a hyperbola, the one angle is supplementary to 
that which TP subtends at S, and the other is equal to that 
which 2Q subtends at the same point. 

■ * 

Hence TP, TQ subtend supplementary angles at jS. 

In like manner it may be shewn that the angle TS'F 
is equal to the supplement of the angle TS" Q. 

228. The tangent at P bisects the angle SP8\ [Fig. 4. 
The proof in Art. 113 is applicable. 

Or we may proceed as follows in the case of either curve: 

Since PR subtends right angles at M, S, the points 
P, Jl/, B, 8 are concyclic, and [105. 

^8PR==8MX. 
Similarly z 8'PR' = S'M'X'. 

Hence, the triangles 8MXy 8'M'X' being equivalent, 

^8PR-=8'PR\ 

229. The normal at P, being at right angles to PR, is 
equally inclined to the focal distances 8P, 8'P. 

230. Art. 114 applies to the hyperbola, except that Pg is 
in this case the direction of the tangent, and Pt that of the 
normal. If a confocal ellipse and hyperbola intersect in P, 
their tangents at P will be at right angles. 

231. If TP, TP' touch opposite branches of a hyperbola 
it may be shewn that 

^8TP^8'TF. [115. 

If the tangents be drawn to the same branch these angles 
may be shewn to be supplementary. 
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232. Arts. 122 — Sa-pply mtUatts mutandis to the hyperholsL. 
Let 8Y, S'P meet in s. Then it may be shewn that 

2Cr= S'a = 8P^ SP [Fig. 8. 

=-2GA. [147. 

Hence the locus of F, or Y\ is the auxiliary circle. [138. 

Let Z be the point diametrically opposite to ¥' in which 
5ir produced meets the circle. 

Then since evidently SZ^ST, 

SY. S'T = 8Y. SZ= 8A . 8A' 

= CB". [208. 

233. It may be shewti that in an acute hyperbola 
tangents at right angles intersect on a fixed circle. For it* T 

^ be the point, between J, Y, in which two such tangents 
intersect*, then 

GA' - C2'' = TY . TY' [Euc. iii. 35, 

= Off, as in Art. 129. 

234. The method of Art. 131 applies to the hyperbola. 

[Fig. 7. 

235. Art. 135 applies to the hyperbola. [^ig- 6. 

236.. So too does the preceding Article. 

237. Various minor Articles in preceding chapters apply 
with or without modification, as the case may be, to the 
general hyperbola; and many Examples too wliich have 
been stated for the ellipse only, apply also to the hyperbola. 
The student should make a practice of considering in every 
case, including that of the parabola, whether a theorem is 
applicable mutatis mutandis to more than one of the three 
species of Conies. 

Examples. 

194. The centre of an equilateral hyperbola described about an 
equilateral triangle is on the inscribed circle. 

* The curve in fig. 8 Ib not drawn to suit this case. 
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195. In the rectangular hyperbola SPS^ is a right angle when 
CF' = 2GA\ 

196. A focal perpendicular on an asymptote of a rectangular 
hyperbola is equal to the semi-axis. What is the corresponding 
property of the general hyperbola? 

197. GY being drawn perpendicular to the tangent at P, the 
triangles FCAy CA Y are similar. 

198. The intersections of any two conjugate chords of a rectan- 
gular hyperbola with the asymptotes caunot be concyclic. 

199. A chord of a rectangular hyperbola meets the asymptotes 
in jff, r and passes through a fixed point 0. Shew that EG . Gr 
varies as the square of the parallel diameter. 

200. A rectangular hyperbola confocal with an ellipse cuts it 
at the ends of the equal conjugate diameters. 

201. If GPy GD be conjugate radii of a rectangular hyperbola,' 
then will D be the reflexion of P with respect to one of the 
asymptotes.. 

202. ElHpses being inscribed in a paraUelogram, their foci lie 
on a rectangular hyperbola. 

203. If lines be drawn from any point on a rectangular hyper- 
bola to the ends of a diameter the difference of the angles which 
they make with the diameter will be equal to the angle which it 
makes with its conjugate. 

204. From fixed points A, B straight lines are drawn inter- 
secting in a point G such that the difference of the angles GBAy 
GAB is constant. Find the locus of G. 

205. A conic through the four common points of two rect- 
angular hyperbolas is itself a rectangular hyperbola. 

206. A conic through the centres of the four circles which 
touch the sides of a triangle is a rectangular hyperbola, and its 
centre is on the circumscribing circle. 

207. Any chord of a rectangular hyperbola subtends equal or 
supplementary angles at the ends of a perpendicular chord. 

208. On opposite sides of a chord of a rectangular hyperbola 
equal segments of circles are described. Shew that the four points 
in which the circles meet the curve again are the vertices of a 
parallelogram. 



EXAMPLES. 87 

209. The tangents to a rectangular hyperbola at the Tertices 
of an inscribed triangle meet two and two on the lines joining the 
feet of the perpendiculars of the triangle. 

210. If each vertex of a triangle be the pole of the opposite 
side with respect to an equilateral hyperbola, the circumscribing 
circle will pass through the centre of the hyperbola. 

211. Straight lines joining the ends of conjugate focal chords 
meet on the asymptotes. 

212. A circle and a rectangular hyperbola intersect in four 
points. If one of their common chords is a diameter of the hyper> 
bola, the other is a diameter of the circle. 

213. A parallelogram A BCD has its diagonal AG at right 
angles to the side AB, If CD be divided into any number of 
equal parts and straight lines be drawn fix)m A to the points of 
section, and if ^(7 be divided into the same number of equal parts 
and straight lines be drawn from B to the points of section, then 
will corresponding lines in the two series meet on a hyperbola. 

214. Hence shew how to construct a rectangular hyperbola. 

215. If iV be a point in A A' produced the circles described 
about Sy S' with radii ANy A'N meet on the hyperbola. What is 
the corresponding construction for the ellipse) 

216. The difference of the focal distances of any point is 
greater or less than the axis according as the point lies on the 
concave or the convex side of the hyperbola. 

217. If ST be perpendicular to the tangent at F 

SY' : CB'=^SP : 2GA +SF. 

218. From a fixed point 0, OP is drawn to a given circle. 
Find the envelope of a straight line through F inclined at a con- 
stant angle to OF 

219. The tangent from N" to the circle on XX' varies as the 
normaL 

220. In a central conic a circle through F and either G or g 
cuts off from the focal distances lengths whose sum is constant. 

221. Given in an ellipse a focus and two points, the other 
focus describes a hyperbola. 
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£22. If P, Q he points on a central * conic a confocal passes 
through the intersections of SP, S^Q and SQ, S^F. 

223. The tangents at these points and at F, Q oointersect. 

224. Giyen the asymptotes and a point on the curve, fiud the 
foci 

225. In the hyperbola SF is equal to a line drawn from F 
parallel to an asymptote to meet the directrix. 

226. If two hyperbolas have the same asymptotes a chord of 
one touching the other is bisected at the point of contact. 

227. The straight lines joining the points in which two tan- 
gents meet the asymptotes are parallel. 

228. The common chords of a circle and a hyperbola make 
equal angles with the asymptotes. 

229. The second tangents to a central conic from the points in 
which a tangent meets conjugate diamisters are parallel. 

230. If the tangent at F meets conjugate diameters in T^ t, 
the triangles SFT, S^Ft will be similar. 

231. A hyperbola can be drawn through the ends of any two 
radii of an ellipse so as to have the conjugate diameters as 
asymptotes. 

232. If FFy Diy be conjugate diameters of a hyperbola and Q 
any j)oint on the curve, shew that QF* + QF*' exceeds QD^ + QD^ 
by a constant quantity. 

233. Given two points of a parabola and the direction of its 
axis, the locus of the focus is a hyperbola. 

234. The centre of the inscribed circle of the triangle SFS^ 
lies on the tangent at the nearer vertex. 

235. A chord which subtends a right angle at the vertex meets 
the axis in a fixed point. 

236. Find the locus of a point which divides the part of any 
tangent between the asymptotes in a constant ratio. 

237. If a hyperbola touches the sides of a quadrilateral in- 
scribed in a circle, and if one focus lies on the cii*cle, the other lies 
on the circle. 
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CHAPTER IX. 



OKTHOGONAL PROJECTION. 



238. We have already made use of a system oi Auxiliary 
Points ill proving propositions which relate to the ratios of 
parallel straight lines. [84, 217. 

The same method has been applied, though not expressly, 
to the evaluation of areas. [77, 216. 

We shall first evaluate by this method the area of the 
ellipse, and then proceed to explain Orthogonal Projection^ 
which is a method of obtaining the same results as those ob* 
tained by Auxiliary Points, 

239. Prop. I. The area of an ellipse is to that of its 
auxiliary circle as CB to CA. 

Take on the elliptic quadrant AB any number of points 
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as P, Qj... and let p, q,... 
the ordinates pPM^ q QN, . . . 



be their auxiliary points. Draw 



Since each ordinate is cut in the ratio CB : CA by the 
ellipse and the circle, the area of each rectilinear figure PQMN 
is to its auxiliary figure pqMN as GB to GA^ and the sum of 
the first series is to that of the second in the same ratio. 

[Euc. V. 12. 

Hence, whatever be the number of points P, Q,... the 
rectilinear areas CBFQ..,Af Cbpq...A are as GB to CA. 

When the number of points is increased and the interval 
between successive points decreased indefinitely, the former 
of these two areas becomes the elliptic area GBPQ...Ay and 
the latter becomes the circular area Cbpq...A. 

Hence the corresponding elliptic and circular areas are 
as CB to CA*. 

240. The results deducible by such methods as the fore- 
going depend of course upon the essential analogy between" 
the ellipse and the circle, and not merely upon accident of 
relative position, or upon the magnitude of the particular 
circle. Thus the circle on BB' serves equally well as an 
auxiliary circle. [91. 

Or, again, we may proceed as follows : 

Suppose the ellipse to remain fixed in the plane of the 




* Hence the area of the ellipse is ir . C^ . CB, 
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paper, while the circle turns about its diameter AA\ Con- 
sider any auxiliary point j. This moves, in a plane through 
MQ perpendicular to the paper, into a new position q at the 
same distance from M. Thus, instead of a straight line MQq^ 
cut in a constant ratio, we have a triangle MQ(l whose sides 
JfQ, Mq^ are in the same constant ratio. 

When the angle of rotation at M has reached a certain 
magnitude, the auxiliary point q will be vertically over Q. 

The angle at M is that through which the plane of the 
circle has turned, and is the same for all auxiliary points: 
Hence when q is vertically over Q, the new position of 
every other auxiliary point as jp will be vertically above its 
point P. 

. Now suppose the ellipse to descend vertically below the 
paper, without any oblique or angular displacement 

Then every point as Q assumes a new position Q' in y'Q 
produced; corresponding lines as ilf' Q', Mq are in the ori- 
ginal constant ratio GB : GA ; and the new system of points 
Q', Jf ',.-• are Orthogonal Projections of j , Jf,.., according to 
the following 



Definition. 

241. The Orthogonal Projection upon a plane of any 
point is the foot of the perpendicular let fall from the point 
upon the plane; and the projection of a locus is the curve 
or area wnich contains the projections of all points of the 
locus. 

The line in which the plane of a figure intersects the plane 
of its projection may be called the Axis of Projection. 

242. Through a straight line Mq' draw a plane perpen- 
dicular to that of projection ; and let the common section of 
the planes be M*Q[, This line contains the projection of all 
points on MJ. Hence straight lines project into straight lines, 
and conversely. 
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243. It is evident that lengths parallel to the axis of 
projection are unaltered by projection; and also that every 
straight line meets its projection upon the axis in a point 
which is its own projection. 

244. The segments of any given straight line PQR.., 
bear, each to each, the same ratio to the segments of its pro- 
jection Pqr... [Euc. VI. 2. 

In particular, points of bisection project into points of 
bisection. 

245. Through any nnmber of parallels draw planes per- 
pendicular to that of projection. Their common sections will 
be parallels. Hence parallels project into parallels. 

246. Hence, and by Art. 244, bisected parallel chords 
project into bisected parallel chords. Therefore ordinates pro- 
ject itito ordinates. 

247. Project parallels PQR..., P QB! ... into parallels 
Pqr..., P'jV.... 

All the se«:ments of the first line project in the ratio 
PQ : Pj ; and all those of the second in the ratio P'Q' : P'j'. 

[244. 

But by similar triangles these two ratios are equal. 

Hence, alternando, the radios of the segments of parallels 
are unaltered by projtiction, and ratios formed by compounding 
the ratios of the segments of parallels are unaltered by pro- 
jection. 

248. Let -4, B be straight lines intersecting in ; a, 6, o 
projections of A, B, 0. Then because lies on A, its pro- 
jection lies on a. Similarly, because lies on j5, o lies 
on K That is to say, o is the intersection of a, h. Hence 
points of intersection project into points of intersection. 

Hence if A passes through a fixed point 0, then a passes 
through a fixed point o. 

249. Project a chord PQ into a chord pq. 

Let Q coalesce with P; then q coalesces with p. Hence 
a tangent at any point P projects into a tangent at p. 
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250. Areas project in the same constant ratio as principal 
ordinates. That is ordinates perpendicular to tlie axis of pro- 
jection. 

Let A^ B, C,,,. be portions of principal ordinates inter- 
cepted by the bounding line or lines of the area. And first 
suppose the area rectilinear. 

Then since A, By C>..., being parallel, project in a con- 
stant ratio, and since lengths parallel to the axis are unaltered 
by projection, the portion of the area between any two of the 
lines as Ay B projects in the same constant ratio. 

Hence the whole rectilinear area projects in the same 
ratio as principal ordinates, [Euc. V. 12. 

This may be extended to curvilinear areas, as in Art. 
239. 

251. Prop. II. To project an ellipse into a circle, and 
conversely y to project a circle into an ellipse. 

(i) In the ellipse, PN being an ordinate of the minor 
aocis 

PN^ : BN.NB^ CA' : CE". 

Take the axis of projection parallel to BB', and the angle 
between PN and its projection* pn (which is the same for 
all ordinates), such that 

PN' ipn'^CA' : CB\ 

Hence pn* = BN . NB" 

= bn . nV, 

since lengths parallel to the axis project unaltered. [243. 

The locus of p is therefore a circle on a diameter equal 
to the minor axis of the ellipse. Another method is indicated 
in Chapter X. 

(li) The converse problem is indeterminate. For in the 
circle, 

PN' = AN.NA\ 

* The angle between the planes must be cos'^ 777 . 
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where PN is an ordinate of the diameter -4-4'. And PN 
projects on any given plane in a constant ratio of less in- 
equality. [24X. 

Now suppose AA' parallel to the axis of projection. 

Then in the projected fio;ure, pn? is to AN.NA\ or 
an . na, in a constant ratio of less inequality, or the locus of 
^ is an ellipse, whose major axis is equal to AA\ 

252. In like manner a hyperbola may be projected into 
a rectangular hyperbola on the same axis. [21 1. 

253. A parabola may be projected into a parabola. [Ex. 1. 

254. We have seen that if q be the "Auxiliary Point" 
of C its position relatively to Q may be so altered, according 
to a certain law, that Q will be its projection. 

By reversing this process we may bring a system of points 
into the same plane with their projections, so that the former 
become the ** Auxiliary Points' of the latter. 

The method of Auxiliary Points is in fact a method of 
Plane Projection. In the following applications the term 
Projection may be understood indifferently of either method. 

255. The locus of the middle points of parallel chords of 
an ellipse is a straight line. [68. 

Project the ellipse into a circle. Then the parallel chords 
project into parallel chords of the circle. [245. 

The middle points of the former system of chords project 
into the middle points of the latter. [244. 

But in the circle parallel chords are bisected by a straight 
line. Hence the locus of the middle points of any system of 
parallel chords of the ellipse projects into a straight line, and 
IS therefore itself a straight line. [242. 

256. Hence, conjugate diameters of an ellipse project into 
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conjugate diameters of a circle, that is to say into diameters 
at right angUa in a circle, [75. 

Conversely, diameters at right angles in a circle project 
into conjugate diameters of an ellipse. . 

257. To find the relation hetioeen the oblique co-ordinates 
of an ellipse J 

QV» : PV.VF = CD* : CP". 
In the figure on p. 44 supply the radius CD. 

Project the ellipse into a circle. Then the ordinate QV 
projects into an ordinate of the circle. [246. 

And QV^ : CD', being a ratio of parallels, projects 
unaltered. [247. 

Similarly the ratio PV. VF' : CP* projects unaltered. 

The above proportion will therefore hold for the ellipse 
if it holds for the circle. 

Now, if the figure were taken to represent a circle, we 
should have QV* = PV.VF\ and CD'^^CP'. Hence the 
proportion holds for the circle. Therefore also in the ellipse, 

QV* : PV.Vr^^CB* : CP'. 

258. The proof in Art 84 is similar, 

259. To prove that in an ellipse 

CV.CT = CF, 

QV being an ordinate of CP, and T the point in which its 
diameter intersects the tangent at Q. 

Project the ellipse into a circle. Then the ordinate QV 
projects into an ordinate of the circle, and the tangent at Q 
into a tangent. [246, 9. 

Also the point of intersection T projects into a correspond- 
ing point of intersection. [248. 
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Hence the ratio CV . CT : CP* projects unaltered. [244. 

We have therefore to shew that in the circle this is a 
ratio of equality. 

Now, taking the same figure to represent a circle, > we 
see that CV . CT= CQ^, by similar right-angled triangles. 
And (7^= CF\ Therefore CV. CT: CJP* is a ratio of 
equality. 

Therefore also in the ellipse 

CV. CT^ CP". 

260. The area of a parallelogram which circumscribes an 
ellipse and has its sides parallel U> conjugate diameters is 
constant. [99. 

Project the ellipse into a circle. Then conjugate diameters 
project into diameters at right angles, and parallels into 
parallels. [256, 245. 

Also tangents project into tangents. [249. 

Hence the projection of the parallelogram is a square 
circumscribing the circle, and is therefore of constant area. 

Therefore the parallelogram is constant, since any area 
whose projection is constant must itself be constant. [250. 

261. The same method applies to the hyperbola. See 
note, p. 83. 

262. If the tangent at j} to a circle meets in t, i any 
two diameters at right angles, then pt.pi^Cj^. To what 
property of the ellipse does this correspond? 

Let the theorem be written in the ioxm pi .pi ^cd^^ 
where cd is the radius parallel to the tangent. 

Project the circle into an ellipse. [251. 

The diameters at right angles project into conjugate 
diameters. ^ ['^56. 

The tangent and cd project into a tangent TPT\ and 
the parallel radius CD ; and the ratio pt . pi : cd* projects 
unaltered. [249, 7. 
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Hence in the ellipse, if the tangent at P meets conjugate 
diameters in T, 2", then, CD being the radius parallel to the 
tangent. 

This example is intended to indicate a way of proceeding 
in order to discover properties of the ellipse by generalizing 
known theorems in the circle. 



Equilateral Conics. 

263. Some properties may be stated and proved in the 
same way for the circle and the rectangular hyperbola, as for 
example the theorems of Arts. 167* 170 — 3. In Art. 174 it 
might have been deduced from the similarity of the triangles 
QVP, P'VQ that QV* = PV.P'V; and the same may be 
proved in the same way for the circle. The like may be said 
of Arts. 195—7, 

If now a common name, as Equilateral Conic, be used to 
designate the circle and the rectangular hyperbola, we may 
in proving analogous properties use a single enunciation ap- 
plicable to all central conics. For example, with the notation 
of Art. 197, we have in the case of either of the equilateral 
conics, 

QT.Qt= C^, by similar triangles, 
= CD\ 

if CD be the radius parallel to Tt 

Hence, by orthogonal projection, the theorem is proved at 
once for any central conic, and not merely for the circle, as in 
the preceding Article. 

To take another example, if C^p, Cd be conjugate radii of 
an equilateral conic, the triangles CpN, CBd are equal in all 
respects. [72, 167. 

* See note, p. vi. 
T. 7 
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Hence CN* + CB" = CA\ 

and plP±dB?^CA\ 

It foUows by projection that if CP, CD be conjugate radii 
of any central conic, then 

CN'±Cie=='OA*, 

and PN'+nff^CB". 

By addition, CF^ tCD'-^GA^-- Off. 

These examples will suffice to shew the advantage of an 
acquaintance with the rectangular hyperbola, as enabling us 
to proTe the common properties of central conies by a uniiorm 
method. 

238. Can two ellipses be projected at once into circles 1 

239. What parallelogram, and what triangles, circumscribing 
an ellipse has the least area % 

240. A polygon circumscribing an ellipse has its sides bisected 
at the cunre. Proye that its area is constant ; and find the locus 
of its vertices. 

241. In the circle, a chord of constant length cuts off a con- 
stant area; envelopes a concentric circle; and is bisected at ^e 
point of contact Are these properties projective ] 

242. If a chord of an ellipse passes through a fixed point, its 
pole lies on a fixed straight line. 

243. The perpendiculars of a triangle inscribed in a circle 
cointersect. Express this in a form suitable for projection. 

244. Parallels through the ends of conjugate diameters cut 
the ellipse again at the ends of conjugate diameters. 

245. From a point on an ellipse draw a chord OP equally 
inclined with the tangent at P to the axis ; shewing that three 
solutions are possible. 
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GHAPTEE X, 



THE RIGHT CIRCULAR CONE. 



264. Euclid defines a " Cbne" as a solid figure descsribed 
by the revolution of a rieht-angled triangle about one of the 
sides containing the right angle^ which side remains fixed. 
The fixed side is called the Aans and the fixed angular point 
the Vertex of the Cone. It is evident that the sections of 
this cone bj planes perpendicular to the axis are circles. 
Hence the surface above defined is called the Biaht Circular 
Cane, when it is required to distinguish it firom other cones, 

Euclid's definition gives only a finite portion of this cone. 
To obtain a complete cone we must produce the slant side of 
the triangle indefinitely both ways, so that it may generate 
an infinite surface divided symmetrically by the vertex. 

[Fig. p. 103. 

Any straight line passing through the vertex and lying 
on the surface of the cone is called a Generating line. A plane 
through the axis cuts the surface in two generating lines, the 
constant angle between which is called the Vertical Angle of 
the cone. 

265. If a generating line cut two given circular sections 
in Q, P, then, being the vertex, OQ, OP are constant for 
all positions of the generating line. Hence OQ + OP is con- 
stant. Therefore the intercept PQ is constant [Fig. p. 101. 

266. Let the plane of the paper contain the axis of the 
cone and the generating lines OX, CM. 

7—2 
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Let LPMP* be a circular section, and APA'P' a section 
by any other plane perpendicular to that of the paper. Let 




ANA be the axis of the latter section, -N" being the point in 
which it cuts the diameter iJ[f of the circle. 

Then PP' is perpendicular to LM and AA\ and is bi- 
sected in N. 

Hence PN^^LN.NM. [Euc. in. 31. 

267. A Conic Section is the curve of intersection of 
a plane with a cone, and will in general be a Parabola, an 
Ellipse, or a Hyperbola. 

In flie following figure the lines which fall below the 
plane of the paper are not represented. 

268. Prop. L To determine the nature of a given section 
qfa right circular cone. 

Let OE'Ly OEAR be two generating lines lying in the 
plane of the paper, which is taken perpendicular to ANP the 
plane of section. 
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In the cone inscribe a sphere touching the plane of the 
section in S, and let the plane of contact EQE' cut the plane 
of section in the line MX. 

Let LPR be a circular section; FN the ordinate of P; 
PJlf perpendicular to MX\ Q the point in which OP touches 
the sphere. 

Then since P8j PQ are tangents to the same sphere, 

8P^PQ = EE. [265. 

Therefore 8P : NX^^EE i NX. 

Hence 8P : PM=AE : AX, by parallels, 

= AS : AX, 

since AE, AS, being tangents to the same sphere, are equal. 

The locus of P is therefore a conic, having S for focus ; 
MX for directrix ; and AE : AX for eccentricity. 

269. The eccentricity is equal to, less or greater than 
unity according as ^^is equal to, less or greater than AX; 
or according as 

z AXE is equal to, less or greater than AEX^ 
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But, the latter angle remaining constant, the angle AXE 
decreases or increases with the exterior angle EAI^ Hence 
the section will be 

(i) a Parabola^ when its axis ^^is parallel to a gene- 
rating line as OL ; 

(ii) an Ellipse, when the angle JE^-N" decreases, so that 
the extremities A^ A' of the axis fall on the same side of the 
vertex ; 




(iii) a Hyperbola, when the angle EAN increases, so 
that -4, A fall on opposite sides of the vertex. 

270. Def. a sphere inscribed in a cone so as to touch 
a plane of section maj be called a Focal Sphere of that 
section. 

An elliptic section has two focal spheres on opposite sides 
of its plane. . - 
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A hyperbola lias two focal spheres on the same side of 
its plane. 

In the' annexed figures 8, H denote the foci ; and lines 
are drawn through X, W to represent the directrices, these 
being the intersections of the plane of the conic with the 
planes of contact of the cone and the spheres. 




The student will have no difficuliy in shewing that 
and that SP±HP^QB^AA\ [265. 
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271. Prop. XL At any point of a plane section the tan- 
gent makes eqtial angles with the focal distance and the gene- 
rating line. 

In the preceding figures draw TP touching the section 
at P. Then, OPT being a tangent plane to the cone, TQ 
touches the focal sphere. . 

Now, hy the equality of tangents from the same point to 
a snhere 

T8, PS = TQ, P Q, each to each. 

Hence the triangles PST, PQT, having the side PT 
common, are equal in all respects, so that 

zSPT=^QPT. 

272. Cor. Produce OP^ TP^ if necessary, to i2, ^ ; and 
let H be the second focus. 

Then z HPt = RPt = QPT [Euc. i. 15. 

^SPT, 
or the tangent makes equal angles with SP, HP. [113, 228. 

273. Prop. IIL The semi-^minor-axis of a section is a 
mean proportional to the radii of its focal spheres, and to the 
perpendiculars from the vertices of the section upon the axis of 
the cone. 

(i) Let AA* be the axis of a section; /ff, 8' its foci; 
F, F' the centres of its focal spheres. 

Then by a property of tangents to a circle, FA, F'A 
bisect the angles between AA' and the generating line throilgh 
A, and are therefore at right angles. 

Hence, by similar right-angled triangles, 

A8 : FS=^F'8' : A8'; 
therefore F8 . F'8' ^A8. AS' = Cff, [61, 208. 

or CB is a mean proportional to the radii F/ff, F'S'. 

(ii) As in Art. 266, any ordinate PN is a mean propor- 
tional to LN, NM\ and these, when j^ bisects AA\ become 
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equal to J AH, \ A'K respectively, or to the perpendiculars 
from Ay A* on the axis of the cone. 

274. It is easj to deduce the theorems of Arts. 3, 53, 202 
from the con^. 

For PN\ or NM. LN, varies as AN. NA' ; [Fig. p. 100. 

or, if XJVbe supposed constant, FN* varies as NB, and there- 
fore as AN. [Fig. p. 101. 

275. The latus rectum of a section varies as the perpen- 
dicular from the vertex of the cone upon the plane of section. 

In fig., p. 102 it is easily seen that OK is equal to the 
semi-perimeter of the triangle OAA**^ and hence that, r, r' 
being the radii of its inscribed and escribed circles, and p the 
perpendicular from on AA\ 

r.OK^^OAA'^p.GA. 

But OjK" varies as r , the angle \AOA' being constant 

Hence p^ CA varies as r,r\ that is (7B*. [273. 

Hence the latus rectum varies as p. 

The student should consider cases of the hyperbola and 
parabola. 

The Cylinder. 

276. Let the. vertical angle of a cone be diminished 
indefinitely so that its generating lines become ultimately 
parallel instead of passing through a fixed point. The sur- 
face which they generate is then said to be a Right Circular 
Cylinder, 

The eccentricity of a plane section of the cylinder is 
AE : EXy with the notation of Art. 268 ; and it is easily 
seen that this expression may have any value from zero to 
unity. 

Hence an ellipse of any eccentricity may be cut from a 
right circular cylinder, and may therefore he projected ortho- 
gonally into a circle^ viz. upon a plane perpendicular to the 
generating lines* 
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The following daplicate proofs are worthy of considera- 
tion. 

277. Tangents to a conic subtend equal angles at S. 

It may be shewn from the equality of tangents to a circle, 
that a quadrilateral circumscribing a circle must have the 
sum or oifference of two of its sides equal to that of the other 
two. Conversely, if the sum or difference of two sides of a 
qu<zdrilateral be equal to that of the other twOy a circle can be 
mscribed in it. 

Take any two points P, P on an ellipse. [115. 

Then, because 8P + P8' = SF + PS\ a circle touches 
the four sides of 8PS*P\ and its centre will be at the in- 
tersection of the lines which bisect the exterior angles at 
P, P'; that is, at Tthe pole of PP. 

Now because 8P^ 8P' touch the circle, and T is its centre, 
T8 bisects the angle PSfP, or TP, TF svhtend equal angles 
at 8. 

278. That the tangent is equally inclined at iSfP, 8P may 
be shewn as follows : 

(i) Let xPpx' be a straight line cutting an ellipse in 
adjacent points jP, p, the latter being the more remote from S, 
Draw perpendiculars PM, pm to 5p, 8F. 

Now, since when p coincides with P the angles at 5, S* 
vanish, we may consider that ultimately P8M, pS'm are 
isosceles right-angled triangles, so that 

Sp^,8P+Mp, and 8'p + mP^ffP. 
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Hence Mp = mP, and, in the right-angled triangles I^M, 
pPniy the angles at p, P are equal. 

The former is ultimately 8Px, Hence the angles SPxj 
SPx which the tangent at P makes with the focal distances 
are equal. 

(ii) Conversely, in the figure of Art. 123, suppose PY 
equally inclined to 8P, 8^P* Then vnU PY' he the tangent 
hi P. 

Take any point ^on PY. 

Then i8fZ+ 8'Z^ 8Z + 8Z> Ss, 

> AA\ 

Hence every point of PF, eoccept P, lies on the convex 
side of the curve ; or PY is the tangent at P. 

The same methods apply mutatis mutandis to the Hyper- 
bola and to the Parabola. 

279. The tangent and normal at any point of a hyperbola 
meet the asymptotes and axes respectively in four points lying 
upon a circle which also passes through the centre of the 
hyperbola. 

The circle described on Gg^ the portion of any normal 
intercepted by the axes, passes through the centre C7, since 
gGG is a right angle. 

Let this circle meet the asymptotes in JS, M, and let 
LM, Og intersect in P. From any point E in GL draw EN 
perpendicular to GG^ and therefore parallel to gG. 

Then z EGN== GGM= GLP, in the same segment 

Also z GEN= EGg = i(?P, in the same segment. 

Hence the triangles EON, LPG are similar, so that the 
angle LPG is a right angle, and 

PGiPL^EN: GN 

= GB : CA. [205. 

Similarly PL : Pg^GB : GA. 

Hence PG : Pg= GB": GA\ 

or Pis the point at which G is normal. [119. 
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Also, LPG belog a right angle, LM is the tangent at P. 

280. Hence it is easily deduced : 
(i) that the tangent XJf is bisected at the cnrre ; [223. 
(ii) and that ^LCM = PF. PL^CA. CB, [235. 

which is another form of the theorem of Art. 216. 

281. Conjugate Hypebbolas 

are such that the transverse axis of each is the conj agate axis 
ot the other. 

Conjugate hyperbolas have the same asymptotes, and are 
situated on opposite sides of them, as in Fig. 1. 

282. In the rectangular hyperbola, radii at right angles 
are equal [177. 

Hence the locus of the extremity of the one will coincide, 
if turned through a right angle about the centre, with the 
locus of the extremity of the other. 

Hence the extremities of diameters at right angles trace 
out conjugate rectangular hyperbolas, 

283. It will serve as an exercise in orthogonal projection 
to generalize the following properties of the rectangular hy- 
perbola. [Ex. 201. 

The extremities of conjugate dtametera trace out conjugate 
hyperbolas; the straight lines joining their extremities are 
parallel to the asymptotes ; the tangents at their extremities 
meet on the asymptotes; the perpendiculars from their ex-- 
tremities to the axes meet two and two on the asymptotes. 



CURVATUKE. 

284. From Art. 87 it follows readily by a reductio ad 
absurdum^ that a circle cannot cut a conic in more points 
than four. 
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.285. Let a circle cut a conic in P ; and suppose a poiht, 
starting say from the concave side of the conic, to move round 
the circumference of the circle. At P the point passes to the 
convex side and cannot come round to its original position on 
the concave side without cutting the conic a second time. 

Arguing in this way, we see that a circle cannot cut a 
conic in an odd number of points. 

286. Dep. If a circle intersect a conic in four points 
P, P', Q, Q', and three of these points as P, P, Q coalesce, 
the circle is said to be the Circle of Curvature at P ; and its 
chords through P are called Chords of Curvature of the conic. 

287. The common chord PQ' of the circle and conic, and 
their common tangent, viz. at P, make equal angles with the 
axis. [87. 

288. Except when P is on an axis of the conic, the circle 
of curvature will both touch and cut the conic at P, since it 
cannot cut it in one point Q' only. [285. 

289. Let a circle cut a conic in Q, P, Q'. Draw any 
straight line through P so as to cut QQ\ the circle, and the 
conic in F, P, P'. Let f, f be focal chords of the conic 
parallel to QQ', PF. 

Then QF. Vq : PV . VP ^f : f. [88. 

And QV.Vq^PV.VB, 

by a property of the circle. 

Hence VB : FP =/ : /'. 

Hence ultimately, when Q, F, Q' coalesce with P, 

PBiPF^fif, 

or at any point of a canity the chords of curvature and of the 
conic in any direction are in the ratio of the focal chords 
parallel to the tangent and the chord of carvaXure. 

290. The following are particular results deducible from, 
the foregoing general theorem. 
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(i) The chord of curvature through 8 is equal to the 
focal chord of the conic drawn parallel to the tangent at P. 

In a parabola, the chord of cunrature through 8, or 
parallel to the axis, is equal to 4/SiP. 

- (ii) In a central conic, to determine the chord of curva- 
ture through (7, we have 

PJR : PCF = Ciy : CF', 

2Ciy 



or PJB = 



6P 



(iii) In a central conic, the radius of curvature is equal 

^ ciy 

... PGP 

In any conic it is equal to -j^ • 

(iv) At a point on a rectangular hyperbola, the diameter 
of curvature is equal to the normal chord of the conic; and 
the central chord of curvature is equal to the diameter of the 
conic; since f^f in each case. 



The Bifocal Definition. 

A central conic might have been defined as the locus of 
a point P, the sum or difierence of whose distances from two 
fi^ed points 8, H is constant. Taking the former case we 
may proceed as follows. 

291. Describe the circle 8Pn, cutting the minor axis 
in g. Then Pg bisects the angle 8PH, and is the normal 
at P. [278. 

Let it cut the axis in O. It is easily seen that 

8a : 8P^HG : fiP, [Euc. yi. 3. 

then = 08 2 GA. 

292. Produce ^^S^, gH to meet a parallel to the axis in 
My N. Draw perpendiculars MX, NW to the axis. We shall 
shew that these are directrtcea* 
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Since I BMP = gBH^ gH8 

^gP8, 

therefore by similar triangles, 

8P iPM^Sa : 8P 

= C8 : CA, [291. 

or 8P : PMis a constant ratio. So too is HP : PN. 

Again, from the foregoing proportions, we deduce that 

8G : PM^C8* : CA\ 

whereof the former ratio is equal to 8H : MN. 

Therefore MN^ or 2GX, is constant, and MX is a Jixed 
straight line. So too is NW, 

293. The proofs are analogous when BP'^HP is con- 
stant. 

Examples. 

246. The three points on an ellipse whose circles of cunratnre 
pass through a given point on the cunre are vertices of a triangle 
of which the centre of the ellipse is the intersection of the bisectors 
of the sides. [87, Ex. 245. 

247. The normals at its vertices cointersect. 

248. The latus rectum of a parabola cut from a given cone 
varies as the distance between tibe vertices of the section and 
the cone. 

249. Shew that SH^ OA' - OA. [Kg. p. 102. 

250. The fod of similar elliptic sections of a cone lie on 
two cones. 

251. The extremities of their minor axes lie on two gene- 
rating lines. 

252. Shew how to cut a right cone so that the axes of the 
section may be of given lengths. 

253. If a section of a cone be projected on a plane perpen- 
dicular to the axis, a focus of the projection will lie on the axis 
of the cone. 

254. Shew how to cut from a cone a section of given latus 
rectum. 

255. A plane through the vertex parallel to that of a hyper- 
bolic section cuts the cone in lines parallel to the asymptotes. 
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256. The latus rectum being constant, the envelope of tbe 
section is a sphera 

257. In a right-angled cone the perpendicular from the vertex 
upon a plane of section is equal to half the latus rectum. 

258. Shew how to cut &om a cone a hyperbola of maximum 
eccentricity. 

259. The angle between the asymptotes being given, find the 
locus of the focus. 

260. Under what circumstances is it possible to cut an equi- 
lateral hyperbola from a given cone ? 

261. The sphere on the line joining the centres of a pair of 
focal spheres contains the auxiliary circle of the section. ^ 

262. If Yy Y^ be the feet of the perpendiculars from the foci 
of a section upon any tangent, and F, F' the centres of the focal 
spheres, shew that the triangles FSY^ F'&'Y' are similar, and that 
FY, YY', FY' are mutually at right angles. [273. 

263. Apply properties of the cone to prove the theorems of 
Articles 105, 110, 115, 122, 123. 

264. Draw a tangent to a hyperbola which shall be parallel 
to a given straight line. 

265. The polar with respect to a hyperbola of a point on 
the conjugate hyperbola touches the conjugate hyperbola* 

266. Two parabolas have a common axis and vertex, and 
their concavities are opposed. The latus rectum of the one being 
eight times that of the other, prove that the portion of a tangent 
to the former intercepted between the axis and the tangent at the 
vertex* is bisected by the latter. 

267. If two focal chords of a rectangular hyperbola be drawn 
parallel to conjugate diameters, the straight lines joining their 
extremities will intersect on the asymptotes. Is this property 
projective % 

268. If a point move in a plane so that the sum or difference 
of its distances from two fixed points, whereof one is in the plane, 
is constant ; it will describe a plane section of a right cone whose 
vertex is at the other fixed point. 
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From 8CHELLBA0H. By the Bev. W. B. HOPKINS. Plates. 
Folio. 10#. (ki. 

A Treatise on Crystallography. By W. H. Miller, 

M.A. 8to. U.6d, 

A Tract on Ciystallography, designed for Stu- 
dents in the UnlTorsity. By W. H. Miuxa, M.A. Professor of Mina- 
ralogy in the University of Cambridge. 8to. 6t. 

(Geometrical Optics. By W. S. Aldis, M. A., Trinity 

College. Fcap. 8ya tt.M. 

An Elementary Treatise on Optics. Part I. Con- 
taining all the requisite propositions carried to ftrst Approximations; 
with the construction of Optical Instruments. For the use of Junior 
University Students. By RICHARD POTTER, A.M., F.C.P.S., late 
Fellow of "Queens* College, Cambridge. Third J£dUUm, revised, 9i.6d, 

Physical Optics, Part II. The Corpuscular Theory 

of Light discussed Mathematically. By RICHARD POTTER, M.A. 
Late Fellow of Queens' College, Cambridge, Professor of Natural Philo- 
lophy and Astronomy in University College, London. 7«. 9d, 
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The Greek Testament: with a critically revised 

Text ; a Digest of Various Readings ; Marginal References to Verbal and 
Idiomatic Usage; Prolegomena; and a Critical and Exegetical Com- 
mentary. For the use of Theological Students and Ministers. By 
. the late HEN&Y ALFORD, D.D. Dean of Canterbury. 

VoL I. Sixth Edition, containing the Four Gospels. IZ. 8i. 

VoL II. Sixth Edition, contalnhig the Acts of the Apostles, the 
Epistles to the Romans and Corinthians. U. 4s. 

Vol. IIL Fourth Edition, containing the Epistles to the Galatians, 
Bphesians. Pbilippians. Golossians, Thessaiomans,— to Timotheus, 
Titus and Philemon. ISs. 

VoL IV. Parti. Fourth Edition, oontainingthe Epistle to the He- 
brews, and the Catholic Epistle of St James and St Peter. 18<. 

VoL IV. Part II. Fourth Edition, contahiing the Epistlesof St John 
and St Jude, and the Revelation. lU. 

Dean Alford's Greek Testament with English Notes,* 

intended for the upper forms of Schools and for Pass men at the 
Universities. Abridged by BRADLEY H. ALFORD, M.A., Vicar of 
Leavenheath, Colchester; late Scholar of Trini^ College, Cambridge. 
Grown 8vo. lOf. 6d. 

Codex Bezse Cantabrigiensis. Edited with Prole- 
gomena. Notes, and Facsilmiles. By F. H. SCRIVENER, M.A Small 
4to. 26*. 

Companion to the Greek Testament. Designed 

- for the use of Theol(^cal Students and the Upper Forms in Schools. 
By A. C. BARRETT, M.A.. Caius College. Second Edition, revised 
and enlarged. Fcap. 8vo. 6s. 

Butler's Three Sermons on Human JN«tm*e, and 

TJfnaMttmimtk ViKtmm. .IMitMl ty Hiu tete W. WHEWELL, D.D. With 
a Preface and a Syllabus of the WorlL Thhrd Edition. Fcap.8vo. 2t.6d» 

An Historical and Explanatory Treatise ou the 

Book of Common Prayer. By W. O. HUMPHRT, B.D. Third 
and Cheaper Edition, revised and enlarged. Fcap. 8vo. is. fid. 

Annotations on the Acts of the Apostles. Ori- 
ginal and selected. Designed principally for the use of Candidates 
for the Ordinary B.A. Degree, Students for Holy Orders, Ac, with 
College and Senate-House Examination Papers. By the Rev. T. B. 
MASKEW, M.A. Second Edition, enlarged. 12mo. 6s. 

An Analysis of the Exposition of the Creed, writp 

ten by the Right Reverend Father in God, J. PEARSON, D.D., late 
Lord Bishop of Chester. Compiled, with some additional matter occa- 
sionally interspersed, for the use of Students of Bishop's College, Cal- 
cutta. By W. H. MILL, D.D. Third Edition, revised and corrected. 
8vo. . 6s. 
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Hints for some Improyements in the Authorised 

Yenioii of the New Testament. By the late J. SCHOLEFIELD, M. A. 
* Fourth Eklition. Fcap. 8vo. 4t. 

A Plain Introduction to the Criticism of the 'New 

Testament. With 40 Cacsimiles from Ancient Manuscripts. Fortlieuse 
of Biblical Students. By F. H. BGBIYEMEB, M.A. Trinity College, 
Cambridge. 8vo. 15s, 

The Apology of Tertullian. With English Notes 

and a Preface, intended as an Introduction to the Study of Patristical 
and Ecclesiastical Latinity. By H. A WOODfiAM, LLD. Second 
Edition. 8to. 8«. 6d. 



Six Lectures Introductory to the Philosopliical 

Writings of Cicero. With some Explanatory Notes on the subjbM- 
matter of the Academica and De Finibus. By T. W. Lbtin, M.A., 
St Catliarine's College, Inter-Coll^jiate Lecturer on Logic and Moral 
Philosophy. 8to. 7«. 6d. 

The Academica of Cicero, to which this work is a practical intro- 
duction, is one of the Subjects for the Classical Tripos, 1874, 1875. 

^schylus. Translated into English Prose, by 

F. A. PALET, M.A., Editor of the Oreelc Text. Second Edition, 
revised and corrected. 8to. It. 6d. 

.^Sschylus. The Persians of. Translated into Eng- 
lish Verse, by w.gc7RNEy,m. a. Fcap. 8yo. 8#. 

.^tna. Hevised, emended, and explained, by 

H. A. J. MUNRO, M.A., Fellow of Trinity College, Cambridge. 
8to. 8f. 6d. 

Aristophanis Comoediae superstites cum deperdita- 

rum fragmentis, additis argumentis, adnotatione critica, metromm de- 
scriptione, onomastico et lexico. By the Rot. Hubbbt Holdxh, LL.D., 
late Fellow of Trinity College. Cambridge, Head Master of Ipswich 
School, and Classical Examiner to the UniTersity of London. Third 
Edition. 

Vol. I. containing' the text expurgated with sununariei and critical 
notes, also the fragments, 18«. 

The plays sold separately: Achamenses, it. Equites, It. M. Nubee, 
It. M. Vespae, 2t. Pax, It.dd. Aves, 2t. Lysistrata et Thesmophoriazusae, 
Sf . Ranae, it. Ecclesiazusae et Plutus, it. 

Vol. XL Onomasticon Aristophaneym continons Indioem geogra- 
phicvm et historicvm, 6t. 6d. {all pubHthed). 
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Aristophanes. Pax, with an Introduction and 

EngllBh Notes. By F. A. FALET, M.A. FostSvo. if.6d. 

Cicero. The Letters of Cicero to Atticus, Bk. I. 

With Notes, and an Essay on the Character orthe Author. Edited by 

A. P&ETOB. M.A., late of Trinity CoUege, Fellow of St Catharine's 
Oollegeb Cambridge. FestSvo. 4«. 6d. 

Demosthenes, the Oration against the Law of Lep- 

tines, with Englist^ Notes, and a Translation of Wolfs's Prolegomena. 
Edited by B. W. BEATSON, M.A. Fellow of Pembroke CoUege, Cam- 
bridge. Second Edition. Small 8vo. 6t. 

Demosthenes de Falsa Legatione. Third Edition, 

carefully revised. By B. SHILLETO. A.M. 8to. Ss.M, 

Euripides. Eabulse Quatuor, scilicet, Hippolytus 

Coronifer. Alcestis. Iphigenia in Aulide, Iphigenia in Tauris. Ad fidem 
Manuscriptorum ac reterum Editionum emendavit et Annotationibui 
Instmxit J. H. MONK. S.T.P. EditionoTa. 8vo. ISs. 
/SoMraMy— Hippolytus. 8to, cloth, 5s. ; Aloestls. 8to. sewed. 4r. 9d. 

Lacretius. With a literal TriEinslation and Notes 

Critical And Explanatory, by the Rev. H. A. J. MUNBO, M. A., Fellow 
of Trinity College, Cambridge. Third Edition, revised throughout. 
S Vols. Svo. Vol. I. Text, 16«. YoL II. Translation, 6«. May be had 
separately. 

Plato. The Apology of Socrates and Crito. With 

Notes, Critical and Exegetical, Introductory Notices and a Logical 
Analysis of the Apology. By WILHELM WAONEB, Ph. D. PotI 
8to. if. 6d. 

Plato. ThePhaedo. With Notes by W. Wagneb, 

Ph. D. Post Svo. 5t, M. 

Plato. The Gorgias, literally translated, with an 

Introductory Essay, containing a Summary of the Argument Bj 

B. M. COPE, M. A. FeUow of Trinity CoUege, Cambridge. Svo. 7«. 

Plato. The Protagoras. Greek Text revised, with 

an Analysis and English Notes. By W. WATTE, H.A., Uts 
FeUow of King's College, Cambridge, Assistant Master at Eton. 
Second Edition. Small Svo. ii. dd, 

Plato. The Philebus. Translated with short Ex- 
planatory Notes. By F. A. PALET, SLA. Fcp. 8to. it, 

Plautua Aulularia. With Notes, Critical and 

Exegetical, and an Introductira on ttie Plautlan Metres and Prosody. 
By W. WAONEB, Ph. D. Svo. 9t. 
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Plautus. Trinummus. With Notes, Critical and 

SzegeticaL By W. WAONEB, Ph. D. Crown 8vo. 4t§. ed, 

PropertiuB. Verse-Translations from Book V. With 

a ReTiicd Latin Text, and Brief English Notes, Bjr F. A. PALBTi M.A. 
EditorofPropertlus, Ovid's Fasti, Jbc. Fcp. 8ro. 8«. 

Quintilian. The Tenth Book. Latin Text, with 

Introduction, Analysis and Commentary. By JOHN E. B. MAI OB, 
M.A., Fellow of St John's College, Cambridge. 10«. 

Terence. With Notes Critical and Exegetical, an 

Introduction and Appendix. By W. WAONBR, Ph. D. Post 8?o. 
lOf. 6(f. 

Theocritus, with short Critical and Explanatory 

Latin Notes. By F. A. PALET, M. A. Second Edition, corrected and 
enlarged, and containing the newly-discoreredldylL Crown 8to. is,6d. 

Theocritus. Translated into English Verse by 

G. S. CALTEBLBT, late Fellow of Christ's College, Cambridge. 7«. M. 

Thucydides. The History of the Peloponnesian 

War by Thucydides. With Notes and a careful Collation of the two 
Cambridge Manuscripts and of the Aldine and Juntine Editions. By 
BICHABD 0HILL£TO« M.A. Fellow of Peterhouse. Book I» Sro. 

A Complete Greek Grammar. For the use of 

students. By the late J. W. DONALDSON, D.D. Third Edtttoa, 
considerably enlarged. 8ro. Ids. 
Written with constant reference to the latest and most esteemed of 
Greek Grammars used on the Continent. 

A Complete Latin Grammar. For the use of 

students. By the late J. W. DONALDSON, D.D. Third Edition^ 

considerably enlarged. 8to. 14«. 

Designed to serre as a oonTenient hand-book fior tboee students who 
wish to acquire the habit of writing Latin ; and with this Tiew It 
is furnished with an Antibarbarus, with a full discussiou of the most 
important sjmonyms, and with a rariety of information not generally 
contained in works of this description. 

Varronianus. A Critical and Historical Introduc- 
tion to the Ethnography of Ancient Italy, and to the Philological Study 
of the Latin Language. By the late J. W. DONALDSON, D.D. 
Third Edition, rerised and considerably enlarged. 8vo. 16t, 

Exercises on Latin Accidence, by John E. B. 

MATOB, M.A., Fellow of St John's College. Second Edition. Crown 
9x9. !«.<». 
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Exercises on Latin Syntax, by J. E. B. Mayor. 

8 Parts, 6d. each. 

Translations into Greek and Latin Verse. By 

B. G. JEBB, Fellow of Trinity College and Public Orator in the Uni- 
versity of Cambridge. Small 4to. lOr. 6d. 

The First Book of Pope's Homer's Iliad. Trans- 
lated into Latin Elegiacs. By the Hon. O. DENMAN, M. A., formerly 
Fellow of Trinity College, now one of the Judges of the Court of Com- 
mon Pleas. Small 8vo. St. 6d. 

Classical Scholarship and Classical Learning con- 
sidered with especial reference to CompetitiTe Tests and Unirersity 
Teaching. A Practical Essay on Liberal Education. By the late J . W. 
DONALDSON, D.D. Crown 8to. 6«. 

Translations into Greek and Latin Yerse. By 

B. C. JEBB. 4to, cloth gilt, 10s, 6(L 

Translations into English and Latin. By C. S. 

CALYEBLEr, late Fellow of Christ's College, Cambridge. Small 8to. 

ued, 
Arundines Cami : sive Musarum Cantabrigiensium 

Lusus Canori Collegit atque ed. H. DBUBY, AM. Editio quinta. 
Cr. 8vo. U.ed. 

•Foliorum Silvula. Part the first. Being Passages 

for Translation into Latin Elegiac and Heroic Verse. Edited with 
Notes by the Ber. HUBEBT HOLDBN. LL.D.. Head Master of 
' Ipswich School, Late Fellow of Trinity College. Cambridge, Classical 
Examiner in the University of London. Sixth Edition. PostSro; 
7«. 6d. 

Foliorum Silvula. Part the second. Being Select 

Passages for Translation into Latin Lyric and Comic Iambic Verse. 
Arranged and edited by the Bev. Dr HOLDEN. Third Edition. 
PostSvo. 64. 

Foliorum Silvula. Part the third. Being Select 

Passages for Translation into Greeic Verse. Edited with Notes by 
the Bev. Dr HOLDEN. Third Edition. PostSvo. 8«. 

Folia Silvuloe, sive Eclogae Poetarum Anglicorum 

in Latinum et Grscum conversae quas disposuit HUBEBTUS 
HOLDEN, LL.D. Volumen Frius. Continens Fasdculos I. II. Poet 
8va lOi. 6d. Volumen Alteram continens Fasdculos III. IV. 12i, 
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Foliorum Centurise. Being Select Passages for 

Translation into Latin and Greek Prose. Arranged and edited by 
the Aev. Dr HOLD BIN. Fifth Edition. PostSvo. 8s. 

Greek Verse Composition, for the use of Public 

Schools and Private Students. Being a revised edition of the Greek 
Verses of Shrewsbury School. By the &ev. GEORGE PRESTON, 
Fellow of Magdalene College, Cambridge. Small 8vo. 4f. 6d. 

Sertum Carthusianum Floribus trium Sseculorum 

Contextum. Cura GULIELMI HAIG BROWI^, Schols Carthusianse 
Archididaacali. 8vo. llf . 

Mvsee Etonenses sive Carminvm Etouse Condito- 

rvm Delectvs. Series Nova, Tomos Dvos Complectens. 8vo. l&s. Kdidit 
RICARDUS OKES, S.T.P., Coll. Regal, apvd Cantabrigienses Pnepo- 
sitvB. YoL II., to complete Sets, may be had separately, price 6s. 



Accidence Papers set in i3ie Previous Examination, 

December, 1866. 12mo. Od, 

Cambridge Examing,tion Papers, 1859. Being a 

Supplement to the Cambridge University Calendar. 12mo. 2s. M. 

Containing the various Examination Papers for the Year. With Lists 
of Ordinary Degrees, and of those who have passed the Previous and 
Theological Examinations. 

The Examination Papers of 1856, 1857 and 8, 2s. 6d. each, 

map still be had. 

A Manual of the Koman Civil Law, arranged 

according to the Syllabus of Dr HALLIFAX. By G. LEAPING- 
' ' WELL, LL.D. Designed for the use of Students in the Universities and 
Inns of Court. 8vo. Vis. 

The Mathematical and other Writings of ROBERT 

LESLIE ELLIS, M.A., late Fellow of Trinity College. Cambridge. 
Edited by WILLIAM WALTON, M.A., Trinity College, with^ a 
Biographical MemQ^ by H. GOODWIN, D.D., Bishop of Carlisle. 
8vo. IQs. 

Lectures on the History of Moral Philosophy in 

England. By the late Rdv. W. WHEWELL, D.D., formerly Master 
of Trinity College, Cambridge. New and Improved Edition, with 
Additional Lectures. Crown 8vo. Ss. 

The Additional Lectures are printed separately in Octavo for the ronve- 
uience of those who havepurchased the former Edition. Price Zs. 6d. 

A Concise Grammar of the Arabic Language. Re- 
vised by SHEIKH ALI NADY EL BARBANY. By the late W. J. 
BEAM0N.T, M. A., Fellow of Trinity College, Cambridge, and Incum- 
bent of St Michael's. Cambridge, sometime Principal of the EngUsh 
College, Jerusalem. Price 7<. 

A Syriac Grammar. By G. Phillips, D.D., 

Prudent of Queens' College. Third Edition, revised and enlarged. 
8vo. U. 6(1. 



Pre/paring^* new Sdition, FooUcap Svo. 

Contents. 

IicTRODtTcTioir, by J. R. Sebley, M.A. 
Ok Uniybrsitt Expenses, by the Rev. H. Latham, M.A. 
On the Ghoiob of a Collbob, by J. R. Sbeley, M.A. 
On the Coubse or Reading por the Mathematical 

Tbipos, by the Rev. W. M. Campion, D.D. 
On the Course of Reading for the GlassioalTripob, 

by the ReY. R. Burn, M.A. 
On the Course of Reading fob the Moral Scienoes 

Tripos, by the ReY. J. B. Mayor, ST.A. 
On the Course of Reading for the Katural Soienoes 

Tripos, by Professor Liyeing, MJA. 
O^ Law Studies and Law Degrbes, by Professor J. Tl 

Abdy, LL.D. 
Medical Study and Degrees, by G. M. Humphry, M.D. 
On Theological Examinations, by Professor E. Harold 

Bbownbj B.D. 
The Ordinary (or Poll) Degree, by the Roy. J. R. 

Lumby, M.A. 
Examinations for the Ciyil Seryice of India, by the 

ReY. H. Latham, M.A. 
Local Examinations of the UniyebsitYi by H. J4 

Roby, M.A. 
Diplomatic Seryice. 
Detailed Account of the Seyeral Colleges. 

The new Edition^ adapted to. the recent altera- 
tions, is now in preparation^ and wifl it ia hoped be 
issued in the avMmm, 

''Partly with the Yiew of anisthig parents, gaardfanfl, 
schoohnastera, and students intending to enter their names at 
the University — ^partly also for the benefit of undergraduates 
themselves — a very complete, though concise, volume has just 
been issued, which leaves Httle or nothing to be desired. For 
lucid arrangement, and a rigid adherence to what is positively 
useful, we know of few manuals that could compete with this 
Students Guide. It reflects ho little credit on the University 
to which it supplies an unpretending, but complete, Intro* 
duction." — Saturday Review. 
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